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1 Introduction 

This work is the continuation of Q. In the previous part we analyzed the 
geometric limits of solutions of the Seiberg-Witten equations on a 3-manifold 



Y{r) with a long cylinder T 



-r, r 



We applied the result to the case of 



a homology sphere Y with an embedded knot K along which Dehn surgery 
with framing one or zero is performed to produce a homology sphere Yi or 



1 



a manifold Yq with the homology of x 5^. We proved that there is a 
suitable choice of metrics on Y and Yi, and of a "surgery perturbation" /x 
of the equations on a tubular neighborhood of the knot in Y, such that the 
moduli spaces of solutions on y, Yi, and Yq are related by 

MY,^=MY,U\jMYo{Sk), 
k 

where the are the possible choices of Spin^ structures on Yq. We also 
analyzed the splitting of the spectral flow and the relative grading of the 
Floer complexes on Y, Yi, and lo- 
in this paper we concentrate on the analysis of the geometric limits of 
flow lines, that is, of solutions of the Seiberg-Witten equations on the four- 
manifold y(r) X R, as r —> oo. This is necessary for an understanding of 
how the boundary operators in the Floer complexes of Y, Yi, and Yq are 
related. 

We first consider the unperturbed equations on Y{r) x R. We derive 
estimates that control the convergence on compact sets. The essential phe- 
nomenon which regulates the behavior of solutions is a non-uniformity of 
the convergence in the non-compact time direction t E R, as we stretch the 
length of the cylinder r ^ oo. This can be seen as an effect of the presence 
of small eigenvalues of the linearization of the Seiberg-Witten equations on 
y(r) at the two asymptotic values corresponding to t ^ ±00. In fact, as 
already observed in Q , the linearization at these asymptotic values is a self- 
adjoint first order elliptic operator with small eigenvalues decaying like 1/r, 
as r — > 00. 

We can decompose the manifold y as y = ^ Uj'2 i^{K), where V is the 
knot complement and i^{K) is a tubular neighborhood of the knot. We use 
the same notation V and i^{K) in the following to indicate the manifolds 
completed with an infinite cylindrical end of the form x [0, 00). 

We first analyze the properties of the geometric limits obtained in the 
convergence of solutions {Ar, ^r) on fixed compact sets independent of r > 
rQ. We show that on the two sides V x R and i^{K) x R these limits on 
compact sets decay exponentially in radial gauge along the region x 
[0, 00) X R to an asymptotic value that is (up to gauge) a constant fiat 
connection on T^. 

We then analyze the convergence in asymptotic regions of the form 
y(r) X {[Tr, 00) U {— 00, —Tr]), "away from compact sets". To this purpose, 
we introduce a suitable rescaling of the coordinates in such a way as to re- 
port within a finite region the behavior in the complement of an arbitrarily 
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large compact sets. After the rescaling, we obtain convergence to paths in 
M.V and A^jy(_R-), and to holomorphic maps in xo(?^^)^) and xo(r^) ^(-f^))- 
These data match the geometric Umits on the flat cylindrical region 
X [— r, r] X R, which also consist of a flat connection, as limit uniformly 
on compact set, and a holomorphic map as limit after the rescaling. Thus, 
we can use the data of the geometric limits described above in order to form 
approximate solutions on Y{r) x R, for r(T, r) depending on the rescaling 
parameters, used here as gluing parameters. We prove surjectivity of the lin- 
earization of the Seiberg-Witten equations at these approximate solutions. 
Thus, the approximate solutions can be deformed to actual solutions on 
y(r) x R. In other words, we obtain a complete analogue of the gluing the- 
orem for solutions of the 3-dimensional Seiberg-Witten monopole equations 
analyzed in 

The rescaling technique and radial gauge limits that we consider in this 
paper can be thought of as an analogue of the analysis of non-abelian ASD 
equations and holomorphic curves of Q. 

Acknowledgments: We are deeply grateful to Tom Mrowka who cor- 
rected several mistakes in our understanding of the convergence and gluing 
of flow lines, and referred us to the results of and to their rescaling 
technique as a possible model for our problem. The first author benefited 
of several conversations with T.R. Ramadas, who suggested the use of the 
radial gauge limits. Part of this work was done during visits of the first 
author to the Tata Institute of Fundamental Research in Mumbai, and to 
the Max Planck Institut fiir Mathematik in Bonn. We thank these institu- 
tions for the kind hospitality and for support. The first author is partially 
supported by NSF grant DMS-9802480. The second author is supported by 
ARC Fellowship. 

2 Energy and curvature estimates 

Let y be a compact oriented smooth three-manifold with a fixed trivial- 
ization of the tangent bundle, with a local basis {ej}. This trivialization 
determines a 5'pm-structure on y, with spinor bundle S. Twisting S with 
a line bundle L gives a Spin'^-structure s, with spinor bundle W and deter- 
minant det(M^) = det(S') (8> L?- For the purpose of this paper we shall be 
concerned with the case of a homology sphere Y , with the unique choice 
of the trivial Spin'^-structure, or with the case of yo, a 3-manifold with the 
homology of x S"^ , with the infinite family of Spin'^ structures with 
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ci{det(Wk)) = 2k, as discussed in 

On the manifold Y{r), consider a solution {Ar,^pr) of the Seiberg-Witten 
equations 

*Fa = criij^ij) 

dAi' = 0, ^ 

given in terms of a C/(l)-connection A on the line bundle L, and a sec- 
tion ip £ r(y, VF). The 1-form a{'ip,'ip) is given in local coordinates by 
a{ip,ip) = J2i{^i-'^j'4')^^ ■ Solutions are critical points of the Chern-Simons- 
Dirac functional 

CSD{A, ^Ij) = -^I^{A-Ao)A{Fa + Fa,)+I^{^1^, dAmvoW ■ 

For the moment, we only consider the unperturbed functional and the un- 
perturbed equations (||). Later in this paper it will be necessary to formulate 
the results in the perturbed case, with the perturbations introduced in Q. 
Let -Z>Ar,i/'r be the linearization of the equations, namely the operator 

LAr,^ri<^^<P) = *da + a{i;r,(l>),dAA+ ^a.-iAr^ • 

This, together with the infinitesimal action of the gauge group and the gauge 
fixing condition, defines the extended Hessian of the Chern-Simons-Dirac 
functional, namely the first order elliptic operator 

HAr,^r{f^(^^4>)= {- *da + a{ipr,cl)) - df, 

—d*a — ilm{ipri 0))- 

In Q we proved the following gluing theorem. We assigned a metric on 
Y which has positive scalar curvature on a tubular neighborhood I'^K) of 
the knot. We proved that, with this choice of the metric, for large r > Rq, 
the solutions {Ar,tl^r) can be written as a gluing 

{Ar,A) = {A',i^')M^",0). 

Here (^',■0') is a finite energy solution of (|^) on the knot complement V 
endowed with an infinite cylindrical end x [0,oo), and {A",0) is a flat 
connection on y{K). The length of the cylinder r > Rq appears as the gluing 
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parameter. The gluing happens at the asymptotic value Ooo of {A', -0') along 
the end x [0, oo) of the knot complement V: flat connection on 

T^, which lives in a cyclic cover xo{T^iV) of the character variety x(r^). 
Up to a gauge transformation, Ooo agrees with the restriction to of the 
connection A". 

In this paper we formulate the analogous gluing theorem for the gradient 
flow lines of the Chern-Simons-Dirac functional, that is, for solutions of the 
Seiberg-Witten equations on Y{r) x R. The gluing theorem, in this case, 
is more complicated because of the lack of uniformity in the convergence as 
r ^ oo. This gives rise to more complicated geometric limits. We report 
here a statement from ^] which is the ultimate source of the interesting 
non-uniform limits of flow lines that we are going to discuss in the rest of 
this paper. 

Proposition 2.1 The dimension N{r,o{l)) of the span of eigenvectors of 
the operator H^^^^^ with eigenvalues satisfying ^{r) as r ^ oo is given 
by 

iV(r,o(l)) = dimKerL2{H(^A',^')) + dimii'eri2(i?(^„_o)) + dimKer{Qa^), 

where Coo is the asymptotic value of {A',^|J') as s ^ oo. 

For any e > 0, the dimension N{r,r~^^~^^^) of the span of eigenvectors 
of the operator H^^^^^ with eigenvalues fi < r~^^~^^^ is given by 

A^(r,r~(^+')) = dimKerL2{H(^A',i,')) + dimi^eri2 (F(a",o)) +dim£i n^2, 

where ii fl £2 is the intersection of the two Lagrangian submanifolds deter- 
mined by the extended L"^ solutions of H(^j^i ,^i-^[a,(j)) = and H(^j^// Q-^[a,(p) = 
in the tangent space H^{T'^,iH) = Ker{Qa^) of xo{T'^)- 
Thus, under the assumption that 

Keri^2{H(^A',i^')) = KerL2{H(^A",o)) = 0, 

we have N{r,o[l)) = 2, generated by the elements of H^{T^,iIi), and 
jV(r,r-(^+")) = 0, for all e > 0. 



The proof of Proposition |2.1| relies on the results of ||3[ , cf. . 
Let Y{r) be a closed three-manifold with a long tube [— r, r] x T^, en- 
dowed with the flat product metric on the tube. 
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Let {Ar, ^'r) be a finite energy solution of the Seiberg-Witten equations 
on tlie four-manifold Y{r) x R, that is, (Arj'ifr) satisfies the equations 

Da^ = 0, 

with the condition 

Here {Ar{t),^pr{t)) is a solution in a temporal gauge, gauge equivalent to the 
original {Ar,'^r)- The self-dual form t(^',^') is given in local coordinates 
by r(^',^') = X]ij(eiej^, ^')e* A . As proved in the finite energy 
condition ensures the existence of asymptotic values {Ar{-EOo), ipr i^oo)) as 
t — > ±00, for any fixed r > rg. The asymptotic values satisfy the Seiberg- 
Witten equations (|l]) on Y{r). 

If the asymptotic values are irreducibles, satisfying Tpr{±oo) ^ 0, then 
the convergence as t — > ztcxD is exponential, 

\\{Ar{t),Mt)) - (^r(±oo),^,(±oo))||i2(^(,)^|,„ < C,e-'''-'*l, (3) 

for all t > Tj.. The rate of decay 5r is determined by the absolute value 
of the first non-trivial eigenvalue of the linearization -Z^Ar(±oo),V'r(±oo) of tbe 
monopole equations @) at {Ar {±00), ipri^oo)), hence, by Proposition 2A, 
the rate of decay to the asymptotic values at ztco satisfies 



We are interested in studying the boundary operator of the Floer com- 
plex, hence we are only interested in flow lines that connect irreducible criti- 



cal points. In the case of equivariant Floer theory |11] we need also consider 
flow lines connecting to the reducible point, but in the framed configuration 
space the reducible solution is also a smooth point and a non-degenerate 
critical point, hence we have the same exponential decay of flow lines, as 



proved in |11| 



Lemma 2.2 Let [A,"^) be a solution of the Seiberg-Witten equations 
on Y(r) X R, for a fixed r > 0. Suppose that {A, ^) is in a temporal 
gauge on Y(r) x [T,oo) and Y{r) x (—00,—T] and assume that it decays 
exponentially to asymptotic values (j4(iboo), ■0(iboo)) as t ^ ±00, where the 
{A{±oo),ip{±oo)) satisfy the Seiberg-Witten equations 
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Then we have the following identity 

-\ I (^(-Oo)-Ao)A(F4(_^)+Fao) + ^ / (A(cX))-Ao)A(F4(oo)+i^Ao) 
2. JY(r) 2 JY{r) 

= \ I Fa A Fa. 

2 jy{r)xR 

The identity holds more generally when replacing Y{r) with a smaller do- 
main ^} C y(r). 

Proof. We have 

-I f {A{-oo)-Ao)A{Fa(-^)+Fao) + ^ f {A{^)-Ao)A{FAioc)+FAo) 

2 JY(r) 2 JY(r) 

= -yY{r)iM-Oo)-Ao)AiFA(-oo)+FAo) 
+ h lY(r)iMoo) - Ao) A (F4(oo) + F^o) 

= 1 In dtwt k{r){{Mt) - Ao) A {FAit) + Fa,)) 
= -h /y{r) /rI^ac*) a {A{t) - Ao) A dt 
-\ lY(r) IniFAit) + Fa,) A §^A{t) A dt 

= -h lY{r)xRdY{r){mMt)) A {A{t) - Aq) A dt 

-h /y(r) IniFAit) +Fao)a iAit) A dt 

= -h /y(r)xR(^AW -Fao)A A dt 

-h /y{r)xR(^AW + Fa,) a A dt 

= -/yMxR^AwA^Adt 

= l/y(r)xR-^^ AF4. 

This completes the proof, 
o 

Lemma 2.3 Let [Arj'^r) be a solution of the Seiberg-Witten equations ^ 
on Y{r) X R, such that the gauge transformed element 

Ar(A,^r) = iAr{t),^pr{t)) 

in a temporal gauge satisfies the finite energy condition 

£r = \\dtAr\\j^2(Y(r)xn) + ll'^tV'r |li2(y(r)xR) = 
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R 



\S7CSD{Ar{t),MtmhiYir))dt < oo. 
Then, for any interval [to, ti] of length i = ti — to, we have estimates 

\\'^r\\h^Y^rMto,t,]) < + 2slvol{Y {ro))l, 



to 



ti 

\\^Arit}\\h(Yir)x{t})dt <£r + slvol{Y {ro))l, 



and 

W"^ Arit)A{t)\\l2^Y{r)x{t})dt <£r + slvol{Y {ro))l , 

I to 

for all r > ro . 

Moreover, the energy £r is uniformly bounded in r > tq. The constant 
So > is defined by 

sn = max|— sfx), 0|, (4) 

V(ro) 

with s{x) the scalar curvature. 



Proof. The argument follows 6.12 of |16]. Since the cylinder [— r, r] x is 
endowed with the flat metric, we have 

s{r) = max{— s(a;), 0} = sq, 

Y{r) 

for r > ro and sq as in (^). Moreover, we can estimate 

£r > llo(h\\^Arit)\\l2(^Y{r)) + W"^ Ar{t)Ait)\\l'2 (y (r)))dt+ 
/y(r)x[to,ti] l\'^r\^dvY(r)dt " f /y (^o) x [t„,ti] \'^r\'^dvY(ro)dt. 

At any local maximum, |^rP is bounded by the scalar curvature, hence a 
non-trivial maximum can only occur away from [— r, r] x T^, i.e. on Y{rQ) x 
R. Thus, the estimate above gives 



\LHY(r)xltoM) - 8£r + ^slvol{Y{ro))l. 



The other two estimates follow similarly. 

The uniform bound on the energy £r is obtained as follows. As we dis- 
cussed before, for each fixed r > 0, the finite energy condition for {Ar,^r) 
forces the existence of asymptotic values {Ar{±oo),tpri^oo)) as t ^ ±oo 
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that satisfy the 3-dim Seiberg-Witten equations (||). Moreover, if the asymp- 
totic values are non-degenerate critical points of the Chern-Simons-Dirac 
functional, then the temporal gauge representative {Ar{t),ipr{t)) decays suf- 
ficiently fast in t to the asymptotic values in the L2 topology. 

Thus, the energy can be written also as the total variation of the 
Chern-Simons-Dirac functional along the path (Ar{t),tljrit)), 

£r = CSD{Ar{-oo),%br{-oo)) - C75L>( A, (cx)) , V'r (oo) ) . 

Moreover, since the elements {Ar{±oo), ipr {^oo)) satisfy the equations on 
y(r), we have 9^^(±oo)''/'r(ic«) = and the variation of the CSD functional 
is simply given by 

£r = \ I (A^(OO) - Ao) A (F^,(oo) + Fa^) 
^ JY{r) 

_i j {Ar{-oo) - Ao) A (F4,(_oo) + Fa,) 

^ JY(r) 

The previous Lemma shows that this quantity can be rewritten as 

■i Jy(r)xR 

This is a topological term, conformal and gauge invariant, hence it does not 

change when stretching the cylinder [— r, r] x T^. 

o 

Lemma 2.4 Let (Ar(t), be a finite energy solution of the Seiberg- 
Witten equations on Y{r) x R, in temporal gauge in the H-direction. 
Then, for all t >Tr, we can write the estimate as 

\\{Ar{t),Mt)) - {M±Oo),M±Oo))\\L2^Y(r)x{t}) < Cc'^ , 

where the constant C is independent of r. Moreover, on any fixed compact 
set K C Y{r), independent of r > rg, we have 

c\t\ 

\\{Ar{t),llJr{t)) - {Ar{±00),'4)r{±00))\\L2i^K'x{t}) < ^i^e"", 

with K' C int{K), and with Ck independent of r. 
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Proof. The L?' bound follows by the exponential decay of the energy func- 
tional: for t > Tr we have 



j^£r{t)<£riO)expi-j] 



where 



£rit) 



r\\L2{Y{r)) 



V|!L2{y{r)) 



dt, 



and Sr{0) uniformly bounded in r > vq, by Lemma 2.3. 

The Lf bound follows by retracing the argument of Lemma 6.14 of |16]: 
we obtain that the constant Cr of our (^) depends on the underlying manifold 
Y{r) through the constant of the Sobolev multiplication theorem, and the 
estimates of our Lemma 2^, which are uniform in r > tq. Consider a 
compact set K that is embedded in Y{r) for all r > rg, so that the metric 
on K does not change with r > r^. If we restrict our estimate to K, and 



we choose the cutoff function ^ of Lemma 6.14 of [16| supported in K, we 
obtain a uniform Ck depending only on K. 



Lemma 2.5 Suppose given {Ar,^r), o, finite energy solution of the equa- 
tions on Y{r) X R, for r > rQ. There is a pointwise bound 

|^'r(2;,t)P < so, 

where sq = maxy(^p){— s(x), 0}, with s{x) the scalar curvature. Moreover, 
for any to < ti, we have an estimate 



Proof. The finite energy condition ensures the existence of asymptotic 
values '0r(3;,±oo) for the spinor ^r{x,t). Thus, we can estimate 

|^'r-(3;, t)\^ < max{|^r(a^, ±oo)p, —Sr{x, t)}, 

with Sr{x,t) the scalar curvature on Y{r) x R, and the pointwise estimate 
follows. By the Weitzenbock formula and the equations we have 

Sr l^rP 
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By integrating and by using the vanishing of the scalar curvature on the 

cylinder x [— r, r], we obtain the desired estimate. 

o 

In the following we use the notation 

fti 

Sr{t0,tl) = / \\VCSD{Ar{t),Mtm 

Proposition 2.6 Assume, as before, that {Ar,^r) is a finite energy solu- 
tion of the equations ^ on Y{r) x R. Suppose given any two real numbers 
to < ti. Then, there is a uniform bound on \\F_A^\\i2(Y{r)x[to,ti]) for r > tq, 

\\^Ar\\hiYir)xltQ,ti]) ^ 
where is a constant independent of r and depending only on i = ti — to. 



Proof. According to the previous Lemma we have a uniform bound on the 
L^-norm 

ll*r||L4(y(r)x[to,ti])' 

hence, by the equations, we obtain a uniform bound on ll-^X lli2(y(r)x[to ti])' 
We have the identity 

{2\F+\^ - \FA\^)dv = -Fa A Fa. (5) 
Thus, we obtain an estimate 

ll-^-4rlli2(y(r)x[to,ti]) - ^ \\^A\\l^iYir)x[to,ti]) + £r(.to,ti) 

+ lY{r){i^r{tl),dA,(ti)A{tl))dVY{r) 
- lY(r)ii^r{to),dAr{to)i^r{to))dVY(r)- 

In the right hand side we can estimate 



which is uniformly bounded in r > tq, by Lemma 2.3. We need to estimate 
the term 



/ {iJr{ti),dA^(t^)A{tl))dVY(r) - / (V'r (^o) , ^^.(to) V'r (io))rfWy (r) I • 
/y(r) JY{r) 
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We estimate 



Ito ft lYir){'^r{t),dA,.(t)A{t))dVY{r)dt\ 



< 



//^l(2||5A^(4)V^,(t)|||2(y(,))+2|(F^^(i),*a(Vr(t),V'r(t)))|)^it 



< 



+ 



\\FAAt)\\lHYir))dt)'^'Ul' Ivir) \\MtTdVy^r)dtV/' + 



so I 



\L^Y{ro)x[to,h]) 



\L^{Y{r)x[to,h])- 



Now the estimates of Lemma 2.3 give the required bound on Iji^'yi,. ||. 



3 Convergence on compact sets 

In the process of stretching the neck in Y{r) x R, the spinor tends to vanish 
pointwise on the long cyhnder, as the following Lemma proves. 

Lemma 3.1 Assume, as before, that (Ar,^r) is a finite energy solution of 
the equations on Y{r) x R. Given any compact set of the form x 
[— ro,ro] x [toi^i]? "we have pointwise convergence 

\^rix,t)\^0, 

for all {x,t) G X [— ro,ro] x [tQ,ti], as r ^ oo. 



Proof. The claim follows from the uniform bound 

\'^r{x,t)\'^dvdt < Ci 



/T2x[-r,r]x[to,ii] 

derived previously. 

o 

Thus, the self-dual part of the curvature is also converging to zero point- 
wise on the long cylinder. 

Corollary 3.2 // (Ar^'^r) is a finite energy solution of the equations 
on Y{r) X R, then, on compact sets of the form x [— ro,ro] x [toj^i]; the 
connection Ar converges to a finite energy solution A of the abelian self dual 
equation = 0. 
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Proposition 3.3 Inside the manifold Y{r) x R, for all r > vq, consider 
fixed compact sets of the form Ky d V x YL, Ky C v{K) x R, or Kq C 
X [— roj^o] X R. We assume that the metric on i^{K) has non-negative 
scalar curvature, and that it is fiat on the cylinder x [— r, r]. Let {Ar, ^'r) 
be finite energy solutions of the equations ^) on Y{r) x R. Then there exists 
a subsequence {Ar',^r') o,nd gauge transformations A,.' on Y{r') x R, such 
that the sequence \i{Ari, ^r') satisfies the following properties. It converges 
smoothly on the compact sets Ky to a finite energy solution {A, ^) of the 
four- dimensional Seiberg-Witten equations on V x H. On the compact sets 
Ky it converges to a finite energy solution (^,0) of the abelian ASD equation 
on ^{K) X R, and on the compact sets Kq it converges to a finite energy 
solution of the abelian ASD equation on x R^. 



Proof. We can assume that {Ar, ^'r) is in L| ^^(^(r') x R), with 6r ~ l/r, 
by the exponential decay to the asymptotic values. On a fixed compact set 
K the uniform pointwise bound on the spinor implies the L^-bound 

W^rh^K) < Vol{K)so. 

The uniform bound on the curvature provides a uniform Lf-bound on the 



connection (up to a gauge transformation), as in Lemma 5.3.1 of |14]. The 



uniform pointwise bound on the spinor, together with the uniform bound 

\\'^Ar'^r\\L\Yir)x[to,ti]) < ^■^O || *r |lL2(y(ro) X [to A]) 

provides a uniform L-^-bound for dF^^, as in Lemma 5.3.3 of [U]. A boot- 
strapping argument then bounds the higher Sobolev norms. 
o 



3.1 Asymptotics of finite energy ASD connections 

In this subsection we study explicitly the solutions of the abelian ASD equa- 
tion on X R^ and on an asymptotic end of the form x [0, oo) x R. The 
first case will provide the geometric limit on compact sets on the cylinder 

X [— r, r] X R, as r oo, and the second case will give the geometric limit 
on compact sets on i^{K) x R, and will serve as a model for the asymptotics 
of the limits on 1/ x R, as we discuss later in this work. 

If we represent the connection as 

A = a{w, s, t) -\- f{uj, s, t)ds + h{w, s, t)dt, 
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the abelian ASD equation can be written as the pair of equations 

dta — dh + *{dsa — df) = 

dtf - dsh + *Fa = 0. 
With a change of variables z = s + it and z = e''"'"*^, we can write 

a{w,p,9) = a{w,eP+''^) 

f{w, p, 9) = e-P cos e h{w, eP^'^) - e'P sin 6 f{w, e''+^^) 
h{w,p,9) =e-Pcose f{w,eP+''') + e-Psm9 h{w,eP+'''). 
The equations become 

dpQ — dh — *{dea — df) = 

dpf - dgh - e^P *Fa = 0. 

Up to a gauge transformation we can assume that the equations are in radial 
gauge, that is /i = for p large enough. Thus, we get 

dpa - *{dea - df) = (6) 

dpf - e^P *Fa = 0. (7) 

Notice that the equation in this form can be interpreted as the abelian 
ASD equation on X X R, where the metric on has a conformal 
factor depending on p G R, of the form e~Pgx2 , where gj^2 is the standard 
metric on the flat torus. In fact the * operator on p-forms rescales like 
*p = {e-P)^-^P*. 

We are considering finite energy solutions, that is, we impose the condi- 
tion 

/ [\\dpa\\l2(^T^)^g^^ + e^P\\Fa\\l2^T^)^g^^) dOdp < oo. 
Under a change of variables a = ePa we rewrite equations (|6|) and as 
dptt = a + *dga — eP * df (8) 

dpf = eP* da. (9) 
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We can write a = u{w, p,9)dx + v{w, p,9)dy, where w = {x,y) are the 
coordinates on the torus T^. We can expand u, v, and / in Fourier series in 
the variables 9, x, and y. 

We get 



i{w,9,p) = ^Un{p) 



And 



Alx 



Jky 



Ik 



(27r)V2 (27r)i/2 (27r)V2' 



,d,p) = ^Vn{p) 



And 



Alx 



Jky 



Ik 



(27r)i/2 (27r)i/2 (27r)i/2 ' 



f{w,9,p)=J2fn{p) 



And 



Alx 



Jky 



Ik- 



^(27r)i/2 (2^)1/2 (27r)i/2' 
The system of equations becomes the ODE 



d_ 

dp 



' Un{p)lk 
Vn{p)lk 
\ fn{p)lk 



I 1 




Un{p)ik 

Vn{p)lk 
fn{p)lk 



(10) 



In the case of the asymptotics on the end x [0, oo) x R, we consider the 
same equations and restrict solutions to the domain 9 E [— 7r/2, 7r/2], in fact, 
we are not imposing any boundary conditions at 9 = —Tr/2 and 9 = tt/2, 
other than the functions being smooth across 9 = — 7r/2 and 9 = tt/2. 

The assumption that ^ is a U{1) connection imposes the constraint on 
the coefficients 

Un{p)lk 



-U_n{p)~ 



■L-k, 



Vn{p)lk 
fn{p)lk 



-V-n{p)- 



■L-k, 



-f-n{p)-l-k- 

A direct analysis of this system of ODE's (cf. 
Proposition. 



§X) proves the following 



Proposition 3.4 The only finite energy solutions of the abelian ASD equa- 
tion on X are flat connections on T"^ , constant in the R^ directions. 
On the asymptotic end x [ro,oo) x R all the finite energy solutions are 
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of the form 

a{w, p, 6) = (no + En^o Une-\^\p+'^' 

(^'o + E„^o^^ne-l"l''+*"^ (11) 

fiw, p, 9)= /o + En,i,k nc„i,e^('-+'=^+-^) 
with the coefficients that satisfy 

^ |nn„p + ^ |(n^ + + A;^)c„ifcp < oo, 

n,l,k 

and 

Cnik = -c-n-i-k and Un = 
In radial gauge, the limit in the p ^ oo direction is given by 

aooiw, 6) = (no + E„,i,fc /c„ifee^('-+^'f+-^))dx+ 
foo{w, 9)= /o + Y.n,i,k ncnike'^'^'+'^y^'^'y 

Proof. 

It is easy to find a special family of solutions of the form 

/ I eP 

C-nlk 



keP 
n 



with —C-n-i-k = Cnik- These correspond to the condition da = in the 
equation (|9|). In the original variables, that is multiplying the connection 
terms by e~P, these are solutions of (^) and (0) constant in the /^-direction. 

We assume for the moment that {k,l) ^ (0,0). Following the standard 
methods of ODE theory, we use these solutions in order to reduce the system 
to a system of two equations. If we assume / 7^ 0, we can consider the matrix 

leP 
Z = \ keP 1 
n 1 
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The change of variables 



( ] 



















gives the new system of equations 



d_ 
dp 



where A is the matrix 







( ° 









{:] 


= Z-^A 





1 




{:\ 
















A = 



( 1 



-in \ 

in 1 




This system consists of the equation 



-in „ ik 



and the two by two system 



ink + l -i{P + l'^)eP \ j u \ 
dp \ 1(1) J ~ \ i{n^e-P - feP) -ink )\^)' 

Since we are interested in the large p >> behavior of the system we 
can isolate a leading term and treat the rest of the system as a perturbation. 
Let us define 

-i{k^ + l^)eP \ 
-ifeP j 



to be the leading term and 



ink + I 
in^e~P —ink 



to be the perturbation. 

The unperturbed system has eigenvalues 



A±(p) = ±ie''(A;2 + /2)i/2^ 
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with eigenvectors 

U±=( li ] . 

So, upon diagonalizing the matrix we obtain solutions exp(±ie''(A;^ + Z^)^/^), 
hence in the original system of coordinates we have solutions 



21 

21 



+ ^^+g^C2 exp(-ie''(fc2 + Z2) 1/2) 



(12) 



and 



ct>{p) = -^ci exp(ze''(A;2 + Pfl^) 

with the remaining equation that gives 

^{P) = !S ( -^"(y)'^' (ci exp(ie-) + C2 exp(-ze-)) - 
^e^(ci exp(ze'^) — C2 exp(— ze"^))^ dr. 

The perturbed system has eigenvalues 

1 ± Jl - 4(e2P(A;2 + /2) _ „2 _ mfe) 

A±(P) = 2 ■ 

The matrix can be diagonalized so that the solutions are of the form 



(13) 



(14) 



exp i^j^ ~X±{T)dT^ . 



The long distance p >> behavior of these solutions is given by the asymp- 

totics e'^^"''. On the other hand the eigenvectors become asymptotically 
/9-independent and approach the eigenvectors U± of the unperturbed sys- 
tem. Thus, the asymptotic behavior of the solutions will be of the form 

Kp) - i^^±p^ (cie''+^^^ + c^ef"'^') (15) 

and 

4>{p) ~ ^ (cie''+^^' - cse''-^^") (16) 
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The third variable is then obtained as 



^{p) ~ Jo' (- 



(ci exp(ie'^) + C2 exp(— ie"^)) — 



(17) 



^e'^(ci exp(ie'^) — C2 exp(— ze"^))^ dr. 
Then the original solutions will be of the form 



ke^uj{p) + u{p) 



The case with I = and A; 7^ is analogous. In fact, in that case we can 
use a similar reduction by considering the matrix 











V 


i 


V 


f) 






The change of variables 



/ u ^ 













gives the new system of equations 



d_ 
dp 

which is of the form 







{ ° 


1 






{:] 


= Z-^A 


























m _ 
— e ^1/ 

k 



and the remaining two by two system 
d_(v\^( 1 

Again we can isolate a leading term 



ikef 




ikeP 
ikeP 
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and a perturbation 



P - ' ° 



\ k 

The unperturbed system has eigenvalues A± = ±ike'' and p-independent 
eigenvectors 

■'■=(«) 

The perturbed system has eigenvalues 



~ 1 ± v/1 - 4:{k'^e^P - n^) 

X+ = . 

2 

The asymptotics of the solutions is exp(/9 it ike''), with eigenvectors that 
asymptotically approach the p- independent eigenvectors U±. Thus, we ob- 
tain asymptotics 

and 

Among these families of solutions, the only elements that satisfy the 
finite energy condition are written in the original variables as solutions of 
(^) and (^) of the form 

a{w, p, 9) = {uo + Enik /c„ifee*('-+'=f+"''))dx+ 

{vo + En,i,kkcnike'^'^+''y+'''^)dy (18) 

f{w,p,9) = fo + En,i,knCnike'^'''+''y+'''l 

The remaining solutions satisfy {k,l) = (0,0). These satisfy the condi- 
tions df = and da = in the equations (^) and (|9|). These are solutions 
of the form 

ci(n,0,0)e(i+")* - ic2(n,0,0)e(i-")* 
ci (n, 0, 0)e(i+")* + ic2(n, 0, oje^^-")* 
C3(n,0,0) 
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to the system with constant coefficients with matrix 

/ 1 -in \ 
^ = in 1 . 

\ y 

This gives solutions of the original equations and (|^ of the form 

aiw, p, e) = (no + En^o n„e-l"l^+^"^) dx 

+ {^0 + En^o ^^ne-l"l''+™') dy (19) 
f{w,p,B)= fo 

This proves the Proposition. In fact, we can write the function 

/oo - /O = -4 E Cn'fc^^^''^''-'"'^ 
n,l,k 

SO that, if we define 

l,k 

the flat connection Ooo can be written as 

Ooo - {uodx + vody) = d'y{6). 

This means that the path of asymptotic flat connections in the covering 
XoiT^ji^iK)) of the character variety x(^^) can be written as 

000(6*) = A(6') • ao, 

where A : x [0, vr] ^ C/(l) satisfies 

X-\9)dT2X{9) = dT2j{9). 

o 

Thus we have obtained the following. 

Corollary 3.5 A finite energy solution of the abelian ASD equation on an 
asymptotic end of the form x [0, 00) x R decays exponentially along the 
radial direction. The asymptotic values for different angles are all within 
the same gauge class of fiat connections on T^. Thus, we have decay to a 
point Ooo = [000(6*)] • 
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Remark 3.6 Up to a global change of gauge, the only solutions of the form 
^THj ) that extend to all of iy{K) x R are fiat connections on constant in 
the s and t directions. 



In the light of Remark 3^, the exphcit analysis of the asymptotics (|TT| ) 
seems a somewhat useless complication. However, the analysis above will 
be crucial in the following section, in order to describe, with a perturbative 
analysis, the asymptotic behavior of finite energy solutions of the Seiberg- 
Witten equations on F x R with an end x [0, oo) x R. 



3.2 Asymptotics of monopoles on V x H 

We now analyze the asymptotics of solutions of the four-dimensional Seiberg- 
Witten equations on the end x [ro, oo) x R of the manifold F x R, where 
V is the knot complement in V, endowed with an infinite cylindrical end. 

We write the connection A = a{w, s, t) + f{w, s, t)ds + h{w, s, t)dt, and 
the spinor section ^' = (a,/3) with a{s,t) G A0'0(t2) and /3{s,t) G A°'1(T2). 

The Seiberg-Witten equations can be written in the form 

dta — dh + *{dsa — df) = *i{6i(3 + aj3) 

dtf-dsh + *Fa='-{\a\^-m^), 
for the curvature equation, and 

dta + ha + idga + if a + d*l3 = 

dtp + hp- idsl3 - iff3 + Baa = 0, 

for the Dirac equation. 

As before, we introduce the variables w = {x,y) G T^, and z = s + it, 
z = e^"*"*^ on [ro, oo) x R, and the change of coordinates 

a{w,p,e) = a{w,eP+^^) 
f{w, p, 9) = e-P cos 6 h{w, eP+'^) - e-P sin 9 f{w, e^+*^) 
h{w, p, 9) = e-P cos 9 f{w, e^+*^) + e~P sin 9 h{w, e^+*^) (20) 

a{w,p,9) = a{w,eP+''^) 

f3{w,p,9) = P{w,eP+''^). 
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The Seiberg-Witten equations in radial gauge (i.e. with h = for large 
p) are then written in the form 

dpQ = *{dga — df + i{6i(3 + a^)) 
5p/ = e2p*(F„ + i(|a|2-|/3|2V) 

dpu = i{dga + fa + eP+''^d*P) 
dp/3 = -i{def3 + fP + eP-'' Baa). 

In order to study the asymptotic behavior of these solutions, we can 
again use Fourier transform. We first analyze the asymptotic behavior of 
a linear system and then introduce the non-linear terms in a sequence of 
successive approximations |^]. In order to simplify the expression of the 
quadratic terms in (^l]) , we use the notation 



A.B = Y^iab) 



with the coefficients given by 

1 

(2^3/2 

for 



^i{n9+lx+ky) 

and 

^i{n9+lx+ky) 

With this notation, the equation ( |2l| ) becomes 

'^'nik = -i™nik + ikfnik + 2iRe{a(3)nik 

'"'nlk = ^^^nZfc - ilfnik + 2ilm{a[3)nik 

f'nik = ike^'^Unik - ile^^Vnik + e^P{aa)nik - {(3(3)nik 

(^'nik = -'"-^nik + ieP\{il - k)(3^n-i -I ^fc+ (22) 

ieP^{aj3)nik + i{fa)nik 
l^nik = ^(^nik - ie.P{il - k)an+i Ik 

-ieP{aa)nik - i{fl3)nik- 
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Consider the linear system of equations 
dpa = *{dga - df) 

dpf = e'P*Fa ^ ^ 

23 

dpa = i{dea + eP+'^d*p) 
dpl3 = -i{del3 + eP-^^da). 

This is the uncoupled system of the abelian ASD equation and the linear 
Dirac equation. We analyzed the first two equations in the previous section. 

In the Dirac equations, since again we are interested in the large p >> 
behavior of the finite energy solutions, we can isolate a leading term and a 
perturbation. 

The leading term gives a system of the form 

"nZfc = ^(^''W - k)P-n-l -I ~k ^^^^ 

l^'nik = -ie^iil - k)an+i ik, 
Whereas we identify perturbation all the terms of the form 

/ -n \ / Unlk \ 

V n )[ P^ik )' 

We analyze solutions to the unperturbed system (p^). If we introduce 
the notation anik = Vnik + iinik and I3nik = Pnik + Hnik, the system (|2|) 
uncouples in the independent systems of eight equations: 

P'nlk = e''{lVn+l Ik - Hn+l Ik) 
I'nlk = (i^Q'in+l Ik + kVn+l Ik) 
V'n+l Ik = -I -k - kq-n-2 -I ~k) 

C+1 Ik = ^{lP-n~2 -I -k - kq-n-2 -I -k) 
P'-n-2 -I -k = eP{-lV-n-l -I -k + ki-n-1 -I -k) 
q'-n~2 ~l -k = e''(-/??-n-l -I ~k - K-n-1 -I -k) 
r}'-n-l -I ~k = ^{IPnlk + Halk) 
i'-n^l -fc = ^{-IPnlk + kqnlk) 

Consider the matrices 



(26) 



24 



and 



Up to a reparametrization in the variable r 
tonomous linear system with the 8x8 matrix 




e'', we obtain the au- 



M 



I 



\ 







-B 



A 







B 





\ 



-A 

y 



If we write ?7o = (^^ + 6A;/ + t^)^!'^, r\\ = h 
eigenvalues of M are of the form itA"'*^, for i - 



- 1, and ri2 = k + I, then the 
1, ... 4, with 



^nlk 
^nlk 



Uv2 + vm)^^^ 



ynlk 



ynlk 



(27) 



It is easy to see that, in the basis U^{nlk) of eigenvectors, the solutions 
corresponding to A"''^ and X^^^ are saddles for all non-trivial (n, /, A;) and so- 
lutions corresponding to X^^^ and Xl^^ are centers for all non-trivial (n, l,k). 
Thus, the finite energy solutions will be of the form 



Y^cf'^eM-\K'''\r)Ur{nlk), 



(28) 



/ Pnlk \ 

Qnlk 
Vn+l Ik 
Ik 

P-n-2 -/ -k 
Q-n-2 -/ -k 
V-n-l -I -k 
V C-n-1 -I -k I 

for r = . 

If we add the perturbation terms (25) we can proceed as in the case 
of the ASD equation and observe that, for large p ^ oo the eigenvalues 
and eigenvectors of the perturbed system converge to the eigenvalues and 
eigenvectors ibA"''^ and U^{nlk) described above. 

In the variables anik = Vnik + iS.nik and Pnlk = Pnik + iqnik, the perturbed 
system can be written as the non-autonomous linear system with the 8x8 
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M 



(29) 



matrix 

( nl ePA \ 

-(n+1)/ ePB 

-{n + 2)I -ePA 

\ -ePB (n + 1)/ / 

where / is the 2x2 identity matrix. 

The eigenvalues have a term independent of p which reduces to the di- 
agonal entries of the matrix M as p — > — oo, and terms containing eP, of 
which the highest order term reduces to the eigenvalues of the matrix M. 
Thus, the rate of decay as p ^ cx) in the directions corresponding to eigen- 
values of negative real part is at least given by exp(— np) and at most by 
exp(— Cnifcc''), for some positive constants Cnik > 0, or by mixed terms 
exp{np - Cnike^). 

With this analysis in place, we know the asymptotic behavior as p — ^ oo 
of the finite energy solutions of the linear system. Now we want to analyze 
the asymptotic behavior of solutions of the original non-linear equations. 

Suppose given a finite energy solution Sq = {uq, vq, fo,ao, (5o) of the lin- 
ear system. Consider a perturbed linear system with matrix Ls^ as follows: 

'^'nik = -i™nik + ikfnik + '2iRe{aol3)nik + '2iRe{af3o)nik 
v'^n. = inunik - ilfnik + '2iIm{aoP)nik + ^iIm{aPo)nik 
fnlk = ike'^'^Unik - ile^''vnik 

+2e^P{Re{aoa)nik - (PoPUk) 
(^nlk = -'^Oinik + ieP\{il - A;)/3-„-i -i -k 

+ieP^{ao(3)nik + ieP^ia(3o)nik + iifoa)nik + «(/ao) 
f^'nlk = '^l^riik - ieP{il - k)an+i Ik - ieP{aQa)nik - ieP{aao)nlk 

-iifoP)nlk - iifPo)- 

Similarly, we can define inductively solutions Sj^+i satisfying the linear 
system of equations 

with initial condition H,y+i(0) = Sjy(O). 

Proposition 3.7 All the solutions 'En+i are finite energy. Moreover, we 
have 



(30) 
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uniformly on compact sets along with all derivative, where 3 is a solution of 
the original non-linear system (21) 



The solution H has the same asymptotic behavior as p ^ oo as Hq, up to 
terms that decay faster as p — > oo . 



Proof. Inductively, the system of equations satisfied by can be sep- 

arated into a leading term and a perturbation. The rate of decay of the 
solutions to the system with the leading term only will determine the asymp- 
totics of ^u+i- 

In the case of the system (^) , we have the coefficients of Sq decaying at 
least like e~'^P. Thus, for large p, the leading terms in the system (|30| ) will 
be the same as the leading terms in the original linear system. 

Inductively, at the z^-th stage, we have the original linear system 

""-nlk = -i™nlk + ikfnlk 

2iRe{au(3)nik + 2iRe{af3i,)nik 

'^'nlk = ^nUnlk - ilfnlk 

2ilm{ayl3)nik + 2ilm{a[3u)nik 

f'nlk = ike'^^Unlk - ile'^PVnlk _ /o-| ^ 

2e^f>iRe{a,aUk - {^u(3)nik) ^ ' 



ieP^{auP)nik + ie^hia(3u)nik + i{fva)nik + iifcx-u) 



«nifc = -nanik + ief^ii^ - -i ~k 

'\{av(3)nik + ie^^ 

l^nlk = '^^nik - ie^iil - k)an+i Ik 

-ieP{a„a)nik - ieP{aa„)nik - 'i'{fuP)nik - Kfl^u)- 



Under the inductive hypothesis that the coefficients of the solutions 
decay at a rate at least e""'' as p ^ oo, we see that the leading terms in 
the system (|3l|) are the same as in the original unperturbed system. The 



eigenvalues ±A" (p) of the perturbed system (13 1|) and the corresponding 
■t±i 



eigenvectors U^{p) converge asymptotically to the p-independent eigenval- 
ues and eigenvectors of the matrix M. Thus, the solutions Hj, are of finite 
energy and maintain the same rate of decay as the original solution Hq. 
o 
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3.3 Uniform convergence 



Notice that, in the particular case where the pointwise convergence proved 



in Lemma 3.1 extends uniformly to an infinite strip T x [— rg, rg] x R, in the 
sense specified below, then we have uniform convergence of the [Ar^'^r) in 
the smooth topology on the infinite strip to a flat connection. In particular, 
if we consider the geometric limits of solutions on (|^) on Y{r) as r — > oo, 
as analysed in [Q], we see that, in this special case, the asymptotic values 
(j4r(iboo), ■0r(ic«)) break through the same flat connection on T^, when 
r oo. 

By the results of the previous section, on any fixed compact set K in 
X [— r, r] X R, or in v{K) x R, we have 



Proposition 3.8 Suppose given a family of finite energy solutions Sr = 
(^ri^r); for all r > tq. Suppose there exists a strip x [ro,ri] x R m 
X [— r, r] X R such that we have 

ll^^rllL2(T2x[ro,ri]xR) ^ (32) 

as r — > oo. Then there exists a fiat connection aj^2 on such that (up 
to gauge transformations) the sequence Er converges in the L'2-topology on 
X [ro,ri] X R io 0^2. In particular this implies that, under the splitting 
of the critical points M.Y{r) = -^v#xo(t2)X(^(-^))) for large enough r, the 
asymptotic values (Ar'(ioo), V'r(±C)o)) can he written as the gluing 

(^,(±oo),V'r-(±oo)) = (^'(±oo),V''(±oo))#a^,(A±aT2,0), 

that is, they split through the same asymptotic flat connection on . More- 
over, suppose that {A' , and [A, 0) are the limits on compact sets on 
y X R and i^{K) x R respectively, with asymptotic values [ay] € xoi^'^j ^) 
and [uiy] E Xo(^^) described in the previous sections. Then, in this 

particular case, there are gauge transformations X' and X on V and v{K) 
respectively such that we have 

X' ay = 0^2 = Xtty. 
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Proof. By Uhlenbeck weak convergence [18|, and the result of Proposi- 
tion 8.3 of ||8|, the condition 



ll-^^rllL2(T2x[ro,ri]xR) ^0 

imphes that there exists a flat connection ^ on x [ro,ri] x R such that, 
up to gauge transformations in L3 and up to passing to a subsequence, 
we have 

\\XrAr - ■A\\Ll{T2x[ro,ri]x-R) ^ C'll-^.Ar IIl2{T2 X [ro.ri] xR) ^ 0. 

We can now show that we can further gauge transform the connections Ak 
so that this Uhlenbeck limit on x [rp, ri] x R is a flat connection on T^, 
constant in the t G R and s G [?'0)'''i] directions. 

Claim: Let A be an -i^l /oc connection on x [ro,'ri] x R. Then, 
there exist and L| gauge transformation A on x [ro, ri] x R such that 
A^ is a flat connection arp2 on T^, constant in the t and s directions. 

proof of Claim: We can write A in the form A = 0-^2 + if dt + ih ds, 
where aj'2 is a connection on T^, and f{x,y,t,s) and h{x,y,t,s) are real 
valued functions. Then the equation F4 = becomes 



^a2 =0 

dtarp2 = dx'iif 
dsarp2 = dx2ih 
dth = dsf. 

Define the gauge transformation 

A = exp (^-i h{x, y, t, a)da - i f{x, y, r, ro)(ir^ . 

This satisfies 

X~^dX = —ih{x, y, t, s)ds — if{x, y, t, rQ)dt 
+(-^ /ro dth{x, y, t, a)da)dt 
-idrp2 (^J^g h{x, y, t, a)da + Jq f{x, y, r, ro)(ir) 
= —ih{x,y,t,s)ds — if{x,y,t,s)dt 

-idrp2 {^J^g h{x, y, t, a)da + /q /(x, y, r, ro)dr) , 



(33) 
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where the equahty follows from the last equation of (p3|). The gauge trans- 
formed connection is of the form 

\A = — idj'2 (^j h{x,y,t,a)da + J f{x,y,T,rQ)dT^ =0^2. 



This satisfies the equations 



Fa^2 = 



dtdT2 = dta^'z - idrp2 {f{x, y, t, vq) + J^^^ dth{x, y, t, a)da) 
= dta'j'2 — idrp2f = 
dsdj'2 = dsaj'2 — idj'2h = 0. 

This completes the proof of the Claim. 

The asymptotic limits of {A' {±cc) , ip' {±00)) then satisfy 



in the universal cover xo{T'^j^) of x{T'^)- This completes the proof of the 
Proposition. 

o 

Notice, however, that in general the uniform convergence of Proposition 



3.8 should not be expected. In fact, we have seen that the estimate (H) and 



Lemma p.4| give 



|-^Ar(i)llL2(r2x[ro,ri]x{t}) - C'e ^ ■ 



This allows for non-uniformity of the convergence: there may be sequences 
— > 00 for which (|3^ ) is violated, and an estimate like 

\\^Ar{t)\\h{T^x[ro,ri]x{t}) > C > 

holds for all \t\ G [T^ - £/2, + 1/2], for some £ > independent of r > tq. 
This is clearly compatible with the constraint 

In the next subsection we analyze the geometric limits of monopoles 
{Ar, ^r) on the domains x [-r, r] x [T^, oo) and x [-r, r] x (-oo, —Tj]. 
This is where we encounter the non-uniform convergence which is not de- 
tected by limits on compact sets. 
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3.4 Holomorphic disks in x(T^) 

Consider the Seiberg-Witten equations in on T2 X [-r,r] X R. Let (A,^r) 
be a family of solutions, where we write the connections as 

Ar = ar{w, S, t) + friw, S, t)ds + hr{w, S, t)dt 

and the spinors as ^'^ = {ctr{w, s,t), (3r{w, s,t)). 

Recah again that gauge equivalent solutions {Ar{t),^pr{t)), in a temporal 
gauge in the i € R direction, decay exponentially at the asymptotic ends 
t — > ±00 to critical points (^^(ioo), 'i/'r(ioo)) of the Chern-Simons-Dirac 
functional. 

Suppose given a fixed compact set x [ro, ri] in Y{r) . Choose a sequence 
Tr — > 00, for which the estimate (^) gives 

\\ar{w, s, ±Tr) - a^{w)f + Wfriw, s, ±Tr) - f^{w, s)f < Ce-'', (34) 

m the Lf -norm on x [vq, ri], where are the limits of (^^(±00), V'r(ioc))) 
as r ^ 00 on X [ro, ri]. In the first part [Q] of this work we showed that, 
in the gluing of solutions to the 3-dimensional Seiberg-Witten equations (Q) , 
we are only interested in critical points (^,.(±00), 'i/'r(ico)) of the Chern- 
Simons-Dirac functional that break through smooth points 7^ in the 
character variety x(^^); as r — > 00. Thus, we can assume that the elements 
f^{w,s) are exponentially small on x [ro,ri], for large enough vq > 0, 

This exponential estimate follows from the analysis of the asymptotics of 
monopoles on a 3-manifold with an end modeled on X [0, 00), as in Q. 

This simple observation implies that we should expect more complicated 
geometric limits than the limits on compact sets analyzed in the previous 
section. In fact, for Tr growing sufficiently fast, we have convergence to the 
limits on x [ro,ri] x {t}, with |t| > T^. Thus, whenever a"*" 7^ a~ , we 
must have geometric limits which are not just constant flat connections on 

As discussed previously, in polar coordinates z = s + it and z = e''"'"*^ , 
with 

ar{w, p, 9) = ar{w, e''+*^) 
fr{w,p,9) = e-Pcose hr{w,eP^''% - e-PsmO fr{w,eP+'% 
hr{w,p,e) =e-Pcose Mw,eP+'^) + e'P sine hriw,eP+''^), 
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the curvature equation takes the form 

dpttr — dhr = *{dgar — dfr + i{ar(3r + OirPr)) 

dpfr - dehr = e^P * {Fa,. + '-{\ar\^ - \(ir?)i0). 

We are now interested in studying the convergence away from arbitrarily 
large compact sets. That is, we are interested in the convergence on regions 
of the form 

f](r) = T2 X [0,r] X [Tr,oo) 

UT^ X [0,r) X (-oo,-Tr] 

UT^ X {p G [logr^,cx)) e G [-7r/2,7r/2]} 



We choose a sequence T{r) such that, as in (34), the finite energy solu- 
tions {At, ^r) on Y{r) X R are exponentially close to the asymptotic values 



on 



X [-ro, ro] x ([r(r), oo) U (-(», -T(r)]. 

We write T{r) = e^^ , with ^ oo as r ^ oo. 

In order to study the convergence on the cylinder x [— r, r] x R, we 
introduce a suitable rescaling of the coordinates on X R^. In polar coor- 
dinates, we introduce the translation /> i— > p — T^. In these new coordinates, 
the second part of the curvature equation becomes 

dpfr - dehr - e^^'-e^" * (F,, + - \(3r?)u:) = 0. 

Consider the unit disk D = {p < 0} in the new coordinates. By the 
previous analysis of the convergence on compact sets we obtain smooth 
convergence of a subsequence to a solution of 

dpa — *{dga — df) = 

Fa = 0. 

Up to a gauge transformation, this is a holomorphic map 

a : D ^ Xo{T\Y) = C. 
Namely, a{p, 9) is the flat connection on satisfying 

a{p,e){w) = a{w,p,e). 
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With a slight abuse of notation we identify a(p, 9) with the class in xo{T'^, 
obtained modulo homotopically trivial gauge transformations. The map a 
has the property that it maps the center of the disk, p — oo, to the fiat 
connection Coo, which is the limit on compact sets of the original sequence 
{Ar, ^r)- Moreover, by the finite energy condition, the map a is holomorphic 
up to the boundary, and the restriction to the boundary 

a:S' = dD = {p = Q}^ Xo{T\Y) = C 

gives a curve in xo(2^^)^)- By our choice of T^, this curve will satisfy 
a(0, 7r/2) = a+ and a(0, -7r/2) = a". 

Thus, we have obtained that the convergence on the x [— r, r] x R 
part of Y{r) x R, away from compact sets, produces a holomorphic map. 
Now we want to describe the corresponding non-uniform convergence, away 
from compact sets, on the sub-domains of Y{r) x R that correspond to the 
knot complement and to the tubular neighborhood of the knot. We will use 
a similar rescaling of the coordinates. 

Let Vr be the knot complement V with a cylinder of length r, 

K = yUr2x{o} X [0,r]. 
On the manifold x R consider the domain 

^{r) =Vry. {[Tr, oo) U (-00, -Tr]) 

UT^ X {/9 G [log T^, 00) e G [-7r/2,7r/2]}, 

where we use the polar coordinates (p, 0) introduced before. On this domain 
consider the change of coordinates 

p — Tr 

in the p G R direction, and the corresponding change of coordinates 

\t\^e-^^\t\ 

in the t G R direction, where the coordinates p and t are related hy z = s+it 
and z = ef~^^^, as before, with (s, t) G [0, 00) X R. 
This produces the rescaled domain 

Vr X ([T^e"^'-, 00) U (-00, -r^e"^'-]) 

UT^ x{pe [log{Tr) - Tr,oo) 9 G [-7r/2,7r/2]}. 
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Figure 1: The domain J7(r) and its rescaling 
Consider the domains 

n{r) = VrX ([-1, -r^e-^"-] u [^re-^^ i]) 

UT^ x{pe (-r, + log(r,),0] e e [-7r/2,7r/2]}, 

and 

ni{r) = VrX ([-1, -Tre-^-] U [^^e-^^ 1]) C ^(r), 

02(r) = X {p G (-r^ + iog(r^),o] e e [-77/2,77/2]} c J^(r). 

The finite energy solutions (.4^, *r) of the SW equations satisfy 

d 

e~'^'~ —iprit) = -dA,(t)Mt) 

on rii(r). 

The finite energy condition ensures that the left hand side converges to 
zero uniformly on any fixed compact set. Thus, the family (^1^,^'^), under 
the present change of coordinates, converges smoothly on compact sets in to 
a path {A{t),ip{t)) of finite energy solutions in the domain V x R*, where 
R* = R\{0}, where V is endowed with an infinite cylindrical end x [0, oo). 
That is, we obtain a path {A{t), i^{t)) of elements satisfying 

dA{t)m = 0- 

This defines a path [A{t), V'(i)] in M.V for < t < 1. The endpoint satisfies 

[^(i),v(i)] = [AV^,v;j, 
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Q. (r) 



t=+l 




t=-l 



Figure 2: The domains 0,(r), Oi(r), and 0,2 



where (^+oo)V'+oo) the limit on 1/ as r — > cxo of the asymptotic values 
{Aj.{+oo),ijjr{+oo)) of {Ar,^r)- Thus, we have 

under the boundary value map. Moreover, we obtain an element 

lim[A(t),V(t)] = [AV'] 
t — 

in Mv, satisfying 

where a'^ is the asymptotic value of the limit on compact sets of the solutions 
{Ar, ^r) on y X R, as analysed in the previous section. Similarly, we obtain 
a path [A{t),ijj{t)] in Mv for — 1 < t < 0, where the endpoint satisfies 

[A{-1)M-^)] = [A'_^,^P'_^], 

where {A'_^,^p'_^) is the limit on 1/ as r — > oo of the asymptotic values 
{Ar{—oo),ijjri—oo)) of {Ar,^r)- Thus, we have 

5oo(A'_oo,V'-oo) = a', 
under the boundary value map. Similarly, the element 

]hn_[A{t),m] = [A,^] 

in Mv satisfies 
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Notice that in general the element [A, -0] and the element [A, ■;/;] need 
not be the same element in My In fact, the domain fli{r) is defined by 
rescaling the initial domain 0,{r), and the values of solutions near the frontier 
t = zizTr of r2(r) need not approach the same limits as r ^ oo. 

Prom the information on the convergence on compact sets obtained in 
the previous section, together with the choice of the domains, we can only 
derive the relation 

doo{A,tp) = doo{A,i^). 

Thus, both [A,^p] and [Ajip] are in the zero-dimensional fiber d^{a'^), cf. 

i- 

Moreover, by the previous analysis, together with the analysis of asymp- 
totics on y X R of the previous section, we obtain convergence on the 0,2{r) 
to a function a : xo(^^; holomorphic in a neighborhood U of the 

half disk 

D+ = {pe (-00,0] e € [-tt/2,tt/2]}, 

which maps the center of the disk to a'^, and such that the restriction 
to the boundary component {9 € {— 7r/2, 7r/2}} C dD^ gives a curve in 
doo{Mv) C xoiT'^,y) connecting a+, a'^, and a~ . The image of the com- 
ponent {— 7r/2 < 6 < '7r/2, p = 0} of dD^ is mapped to another curve in 
Xo(^^7 V), not necessarily contained in doo{M.v), which connects the points 
a+, a'^, and a". The image of dD^ is a closed curve in xoi^'^^y), not 
necessarily smooth across the points 9 = zb7r/2. 

3.5 The convergence theorem 

We need one more preliminary Lemma, which connects the limits on com- 
pact sets, with the non-uniform limits obtained in the previous section. 

Lemma 3.9 Let {A,"^) be a finite energy solution of the Seiberg-Witten 
equations on the ^-manifold y x R with the infinite end x [0, oo) x R. 
Let Ooo G Xo(^^)^) be the radial gauge limit of (A,^). Let {A{t),^p(t)) 
be gauge equivalent to the original (A,^), in a temporal gauge in the t G 
R direction. Then the elements {A{t),ip{t)) converge in the s € [ro,oo) 
direction to Ooo, uniformly with respect to \t\ >Tq, and we have limits 

hm {A{t),i;{t)) = (A,^), 

and 

lim {A{t),m) = iA^), 
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with 

d^{A,i;)=doo{A,i^) 



Proof. In order to prove the convergence in the time direction, consider 
the asymptotics of solutions in radial gauge studied in the previous section. 
From the analysis of the system of ODE's (p2|), we obtained rates of decay 
as /? — > oo of the form exp{—np) or exp(n/9 — Cnik^^)-, or exp(— C^jfce''), for 
some positive constants Cnik > 0. 

In the last case, at a point (s, t) along the end [ro, oo) x R, the L^-norm 
on is bounded by exp (-C(s2 + t2)i/2)_ In particular, we have exponen- 
tial decay in the s G [ro,oo) direction, uniformly in \t\ > Tq, bounded 
by exp(— CTqs). Thus, if we consider a temporal gauge representative 
{A' {t) , ^p' (t)) of {A',"^'), for every sequence ^ oo we obtain conver- 
gence up to gauge of a subsequence to an element in My, exponentially 
decaying in the s G [ro,oo) direction to the asymptotic value a'^, at a rate 
at least equal to exp(— |A|Tos). 

The case of the slow decaying solutions with asymptotics e~^^ gives 
polynomial decay in the s G [ro, oo) direction for every fixed t G R, at a rate 

1 1^1 

2\"/2 - s"' 



uniform in |t| > Tq. Thus, in this case, the temporal gauge representative 
{A'{t),'>p'{t)) converges to solutions of (|l|) on y, as t — ±00, that decay to 
the asymptotic value a'^ at a polynomial rate l/s" . The analysis of on 
the center manifold for the equations (|l|) on x [ro, 00) (cf. |15]), imply the 



following. If the decay is asymptotic to l/s", with n > 2, then the actual 
rate of decay of the limit solution is exponential and we have 

a'^ G doo{M*y). 

If the rate of decay is 1/s, then the limit solution might also decay like 1/s 
along s G [ro,oo). In this case the asymptotic value is a'^ = t?, the unique 
"bad point" in the character variety x{T'^)- 

o 

We can summarize all the previous results as follows 
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Theorem 3.10 On the manifold Y(r) x R consider classes of finite energy 
solutions [Ar,^r] of with asymptotic values 

[A(±oo),V.(±oo)] = [A'iooV'iJC^a^^O], 

as t — > ±00. Under the usual assumptions on the scalar curvature on ^{K), 
we obtain the following geometric limits as r ^ 00. 

(i) a finite energy [A' ,'^'] onV x'R,, with radial limit a'^ € xo(^^)^); 
and limits as t ^ ±00 

[A,iIj] and [1,-0] in d^^{a'^) C My- 

(a) a solution [a'^,0] on y{K) x R, with a'^ G xoO^"^ ■ 
(Hi) a path [A{t), tp{t)] £ My for t £ [-1, 0) U (0, 1] with 

[^(±l),V(±l)] = [^ioo,V'±J 

and the limits as t ^ 0± equal to [A,ip] and [A,ip]. 

(iv) a path [A{t),0] in M.u(^k) — x{^{^)) for t G [—1,1] satisfying 
[A{±1),0] = [a±,0] and [A{0),0] = [a'^,0]. 

(v) a holomorphic map a : D ^ xo(^^i with a(0) = aoo, the limit on 
compact sets on the cylinder x [— r, r] x R. 

(vi) maps ay '■ — »■ Xo(2^^5 ^) o-f^d : xo(^^5 ^(-^))7 holomor- 
phic on a neighborhood of the half disk with av(p, ±'7r/2) = [A(t),tp{t)] 
and au{p,±ir/2) = [A{t),0]. 

Proof. Suppose given a family {Ar,'^r) of finite energy solutions of the 
Seiberg-Witten equations (|^ on the manifolds Y{r) x R, with asymptotic 
values (Ar(±oo), '0r(ioo)) as t ^ ±00 satisfying (0). Assume that, as 
r — > 00 the asymptotic values split as 

for some gauge transformation A on y{K), according to 

Then, up to gauge, there is a subsequence, which we still denote {At, ^t)-, 
with the following behavior. On compact sets contained in the long cylinder 

X [— r, r] X R it converges smoothly to a flat connection Ooo on x R^, 
constant in the R^ directions. On compact sets in V x R it converges 
smoothly to a finite energy solution {A! , of the Seiberg-Witten equations 
(Q) on y X R, which is exponentially decaying in radial gauge on the end 
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X [0,00) X R to a flat connection a'^. This follows from the analysis of 
the asymptotics in the previous section. 

The solution [A' , in a temporal gauge in the t G R direction con- 
verges to solutions {A, ip) and {A, ijj) of the Seiberg-Witten equations (||) on 

as i — > ibcx3 respectively. The elements {A, ip) and {A, ip) have asymptotic 
value along the end x R of F 

aoo(AV') = 5oo(i,^) = 

under the map d^o analyzed in |Q] . This result follows from Lemma |3.9| 

Finally, again from the arguments presented in the previous sections, on 
compact sets in v{K) x R the subsequence {Ar, ^r) converges to a solution 
of the abelian ASD equation, that is, up to gauge, to a flat connection a'4, 
on T^. 

Up to the changes of coordinates p 1— > p — Tr and \t\ 1— > e~^''|t|, for a 
sufficiently fast growing Tr — > 00, there is a subsequence of {Ar^^^r) that 
converges smoothly on the domain defined above to a path [A{t),ip{t)] 
in Mv for t G [-1,0) U (0, 1] with 

[A(-1),V'(-1)] = [^'_^,CJ, with aoo(^'_oo,V'-oo)=a~ 

mil [A{t),i^{t)] = [A,tp], with d^{A,i;) = a'^ 
lim [A{t),TP{t)] = [A,^], with doo{A,iP) = a'^ 

t — i-O-i- 

[^(l),V'(l)] = [vlVoo,V';j with aoo«oo,^+oo)=«^- 

Under the same change of coordinates there is a subsequence that converges 
smoothly on the domain ^2 described above to a function ay ■ 
Xo{T'^,Y) = C, holomorphic in a neighborhood U of the half disk D~^, 
which maps the center of the disk to and such that the restriction to 
the boundary component 9 G {— 7r/2, 7r/2} of gives a curve in xoil"^} ^) 
connecting a^, a'^, and a~. 

Similarly, on the manifold I'iK) x R we can consider similarly defined 
domains ili and ^^2, and an analogous reparametrization. We obtain con- 
vergence on Qi to a path [A{t), 0] in = for t G [—1, 1] with 

[A{-1),0] = [a-,0], 

[A{0),0] = [al,0], 
[^(l),0] = [a+,0], 
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where a'^ is the hmit on compact sets of the {Ar, ^r) on ^{K) x R, up to 
gauge. On $^2 we obtain convergence to a function ajy : D'^ — > xo{T'^-:'^): 
holomorphic in a neighborhood U of the half disk , which maps the center 
of the disk to aj^ , and such that the restriction to the boundary component 
9 G {— 7r/2,7r/2} of gives a curve in xo(^^)^) connecting a+, a^, and 
a~ . 

Finally, the reparametrization p i— > p — on the long cylinder G 
[— r, r] X R gives convergence on the disk D = {p < 0} to a holomorphic 
map a : D — > xoiT'^i which maps the center of the disk to a^o. 

There are subdomains and D2 inside the disk D, and conformal 
equivalences ipi : D^, such that we have 

a\j-,+ = ay o (p]^^ 

In the special case where = a~ = a^o up to gauge, the holomorphic 
functions are constant and the paths [A{t),ip{t)] in My and M.i,(^k) are also 
constant, 
o 

Notice that, in general, the points a'^, a'^, and distinct points in 

XoiT"^, Y)- The point a'^ is constrained to be on the 1-dimensional subspace 
dooi-My) and the point a'^ is contained in ^ = xi^i^))- 

We have seen that, if the three points a+, , and Ooo coincide, a"'" = 
a~ = Coo up to gauge, then the flow line {Ar, ^r) on Y{r) x R must connect 
critical points which break through the same asymptotic values, a'^ = a" = 

We can also observe that the following Corollary holds. 

Corollary 3.11 Assume that the points a'^ and a'^ coincide up to gauge. 
Assume, moreover, that they are distinct from the bad point and from 
both a"*" and a~ , 

then the original flow line {Ar, "^r) on Y{r) x R must connect critical points 
with relative index at least two. 

Proof. Let {A', be the limit on compact sets in F x R of the family 
{Ar,'^r) as r ^ 00. Then the point a'^ is the radial limit of {A',^'). By 
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Lemma |3.9| we know that as t ^ ±00 the solution (A' , ^'') has asymptotic 
values [A,ip] and [A,ijj] in My with 

doo[A,iJj] = doo[A,ip] = Ooo- 

By gluing this solution with the solution (a^,0) on the I'^K) x R side, we 
obtain a flow line in Y{r) x R which connects the critical points 

[^,V']#L[«oo,o] 

and 

[A,m:ja^,o]. 

This shows that there are two intermediate critical points between the end- 
points of the flow line {Ar, ^'r)- 
o 

4 Gluing 

In this section we describe how to produce an approximate solution to the 
4-dimensional Seiberg-Witten equations on Y{r{T)) x R, with gluing pa- 
rameter r > To, by pasting together the various geometric limits of Theorem 

no| . 

4.1 The approximate solutions 

We define the following quantities that will be used throughout this section: 

R{T) = -{e^ + T), 

TT 

,(r) = i(e- + T)sin(-^), 

r(T)=(r„ + i(e^ + r)™(-5^^)). 

Moreover, we define 

T{t,T)=r{T) - {R{Tf-t^)^/\ 

for |t| < R{T), and 

t(t,r) =ro + cos (^5^) -min|(l-t2)i/2^cog(^_![^^|^ 
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for |t| < 1. 

Consider the path [A{t),^lJ{t)] on the domain 

Vr^T) X ([-1, -iiT)/RiT)] U [iiT)/RiT), 1], (35) 

with T large enough, so that the elements [A{±i{T)/R{T)), 4^{±i{T)/R{T))] 
are very close to the elements [A, ■0] and [A, ^/;], and with ro large enough, 
so that at s = ro the elements [A{t),tp{t)] are very close to the asymptotic 
values aao{t), up to an error of the order of e~^'^''. Consider the rescaled 
domain 

Vr^T) X i[-R{T), -KT)] U [1{T), R{T)]), (36) 

under the change of coordinates \t\ R{T)\t\, and write [A{t),tl^{t)]j' for 
the corresponding rescaled element. Consider then the path [A{t),'ip(t)]T 
restricted over the domain 

'^^^'> T2x{(s,t)|sG[0,T(t,r)], tG/(r)}, ^""'^ 

with 

I{T) = [-R{T),-l{T)] U [^(T),i?(r)], (38) 



inside the rescaled domain (pq). 

By Theorem |3.10| , we can consider a disk Dt of radius R{T), and a map 
ttT '■ Dt — xo{T'^,Y), such that the center of the circle is mapped to the 



limit Ooo of Theorem p.lOj and the points along the boundary corresponding 
to the angles {— vr, —Tr/2, 0, vr/2} are mapped to the points {a^, a~, a'^,a^}, 
respectively. The function qt '■ Dt — > xo{T'^,Y) agrees with the map o : 



D — > xo(^^i of Theorem 3.1C restricted to a subdomain of the unit disk 
D homeomorphic to Dt- We can guarantee, by choosing T large enough, 
that on the arc of length 2T on ODt, centered at the angle 9 = 0, the 
values of the function ut are sufficiently close to a'^ , and on the similar arc 
centered at the angle 9 = — vr the values of the function qt are sufficiently 
close to a'^. 

Consider then the element {A' , restricted over the domain 

7^3(^) = v;„ x H(r),£(r)], (39) 

For T > Tq large enough, we have that, near t = zizi(T), (A',"^') is suffi- 
ciently close to the elements [A,tp] and [^,-0], and, near s = ro, we have 
that {A', "if') is sufficiently close to the asymptotic value Coo- 
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Moreover, consider the rescaled path {a"{t),0)T on the domain 

'^^^-"^ T^x{{s,t)\se[0,T{t,T)], tel{T)}, ^^^^ 

with /(T) as in (^). 

Consider then the element (a^ , 0) on the domain 

n,{T)=uiK)r,x[-£{T),i{T)i (41) 

Now consider the manifold Y(r{T)) x R, with the long cylinder x 
[—r(T),r(T)] x R. Consider the product region 

T^x{se[-riT),riT)], t e [- R{T) , RiT)]} (42) 

in y(r(T)) x R as illustrated in part (a) of Figure ^. 

Consider inside ( ^2[ ) the region 7^2 (^) given by x Dt, with the disk 
Z^T centered at s = 0, t = 0, as in Figure ^. We identify the regions TZi{T) 
of (|37|), (p9|), (|40|), ([4lD, with the corresponding regions as in Figure |. The 
smaller strip of regions TZs (T) and TZ^ (T) has height 

2£(T) = -(e^ + T)sin^ 



and the larger horizontal strip of the regions TZi{T) and lZii{T) has height 
2R{T) = -{e^ + T). The arc of ODt cut out by the smaller strip has length 
2T. 

We construct an approximate solution on Y(r{T)) x R supported on the 
strip |t| < R{T). 

We consider smooth functions ?7r,i(s,t), 'i]T,2is,t), r]T,3{s,t), r/T,4(s,t), 
and r]T,5{s,t) with values in [0,1], supported in the corresponding shaded 
regions in Figure ^, respectively, such that 

VT,! + m,2 + riT,3 + VTA + ^r,5 = 1 

is satisfied everywhere in (|4^). We extend by 1 the functions 
r]T,iis,t), r?r,3(s,t), r/T,4(s,t), and r?r,5(s,i) 

on the sides V and i^(i^) of the corresponding domains TZi{T) which are not 
represented in the figure. 
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We finally choose a smooth cutoff function xit) with values in [0, 1], sup- 
ported in [-R{T), R{T)] and satisfying x{t) ^ 1 for t G [-R{T) + 1, R{T) - 
1]. Consider also cutoff functions x±i't) supported in [R(T) — l,oo) and 
(-cx),-i?(T) + 1], and with x±(.t) = 1 for \t\ > R{T). We define the ap- 
proximate solution as 

(^,^)t = X ■ ir]T,i{A{t),ij{t))T + r]T,2aT 

+??T,3M',^') +^T,4K(t),0)T +r?T,5«,0)) (43) 

+X-iA- ,i;-)T + X+iA+,iJ+)T- 

Here we use the notation {A{t),ip{t))T = {A{R{T)t),'4){R{T)t)), where 
(^(r),'0(r)) are the paths in M.y, that appear in the geometric limits, 
for T G [1{T)/R{T), 1], and t = R{T)t. We also denote by {A^,iI)^)t repre- 
sentatives of the elements in J^Y{r(T)) given by the gluing 

(^±,V'±)T = (^±,V'±)#.(T)(a^,0), 

with 

{A^,i,^) = {A{±l),ij{±l))eM*y. 
4.2 Linearizations 

Let iA{t),V'(i) linearization of the 3-dim Seiberg-Witten equations (|l|) 

at the solutions (j4(t), Consider the operator -Z^yi(t),t/){t) acting on pairs 

(a, (f)) of L\ 1-forms and spinors. 

First, let us recall from Q that, given an element [A^ip] in A4y, the 
operator La,i/) is a Fredholm operator on the weighted Sobolev spaces of 
1-forms and spinors on V , 

La,^ : Ll,{V) ^ Li{V), (44) 

with ^ 

(5 = -min{|A|, A G spec(Q„/^)}, 

and a'^ = doo{[A,il)\). By Theorem 6.2 and 7.4 of |]lO|, we can consider the 
Fredholm operator L^^^ acting on L\ 1-forms and spinors. For a generic 
choice of the perturbation of the equations on V ^ as in Q, the operator 

La,^ : Ll{V) ^ L^V) (45) 
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Figure 3: The construction of the approximate solution 

is injective and surjective. In the following section we shall discuss the 
effect of adding the perturbation. For the purpose of this section, let us just 
assume that injectivity and surjectivity are achieved. On the manifold Vr, 
with r > rg, we can then consider the operator La,Vi acting between 

LA,^:Ll{Vr,P+®£)^ L\Vr), (46) 

that is, on the space of 1-forms and spinors on Vr, with boundary conditions 
defined by the APS condition 

-P+ = L^-closure of {4>k\fJ-k > 0}, 

with eigenfunctions of the operator Qa^o with eigenvalue fik, and by 

the Lagrangian subspace i in i?^(r^,iR) defined by the asymptotic values 
of the extended L^-solutions of L^^^(a, (p) = on V. By Proposition 2.4 of 
we have that (p6|) is a self-adjoint Fredholm operator with 
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Lemma 4.1 Consider the operators LA(t),tp{t)! I^A,tp, cLnd acting on 

L\ 1- forms and spinors on the manifold V with the infinite cylindrical end 
X [0,00). Assume that these operators LA{t),ti)(t) ^'"e surjective for all 
t S [—1,0) U (0, 1], and that the operators L^^^ and are also surjective. 
Moreover, assume also that the path [A{t),^lJ{t)] and the elements [^,'0] ^'^'^ 
in My are contained in the complement of d^{U^), where doo is the 
asymptotic value map, and is a small neighborhood of the bad point 1) in 
the character variety ofT^. Then, for all T > Tq, the operator 

d 

Tt = R{T)-^— + LA(t),m 

acting on pairs (a, (j)) in the L\ completion of compactly supported 1- forms 
and spinors in the domain 

5i(r) = (yx [-i,i])Ur2x{.=o}x[-i,i] , , 

(47) 

T^x{{s,t) I [0,T(t,r)], tG [-1,1]} 
is also surjective. 



Proof. From the previous discussion we can conclude that, assuming the 
operators -Z>A(t),i/)(t)i ^A,i/) and L^^, with domain as in ( |45| ) are surjective, we 
obtain that the operator L^(^) with domain as in (|^), with r = T(t, T), 
has trivial kernel and is surjective. Similarly, the operators L^^^ and L^^, 



with domain as in (46), with r = ro, have trivial kernel and are surjective. 

For simplicity of notation, we just write L for the surjective operators 
we are considering. Given any h, we want to find a function / in the domain 
satisfying 

1 d 
^R{T)dt 

We know that we have h = Lg for some g. Moreover, we have an estimate 

ll9'(0llL2(y^(t_j,)X{t}) < C't||^(i)llL2(y^(t.T)X{*})' 

which follows from Parseval's formula (cf. ||T| pg.50), where the constant Ct 
is determined by the smallest absolute value of the non-zero eigenvalues of 
the asymptotic operator Qa^{t)i 

r = ^ 

* Aoo(i)' 
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with 

Aoo(i) = min{[A| | A € spec{Qa^^t))}- 

In the character variety consider a small open neighborhood 

of the "bad point" (see [^). We have the asymptotic value map 

doo : Mv ^ XoiT^V) 

defined as in Q , with 

d^{A{t),^(t)) =aoo{t). 
Notice that, if we assume that the path {A{t),'ip{t)), for < i < 1 is in 



-1 

uniform constant 



the complement of d^{U^), then the constant Cj can be replaced with the 

C = c • ( min Aoo(^))~^ 

0<t<l 



independent of t and of the gluing parameter T. 
So we can write 

^ _ , 1 d 1 d 

Again by the surjectivity of L we can write 

Again, we have an estimate \\gi\\ < C'Uf^lj, hence iterating the process we get 



For all T > To we obtain 



C'^ < oo. 



since R{T) ~ e'^ for large T > Tq. Thus, as n oo, we have uniform 
convergence of the series 



fc=o 



k 
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and of the sequence 

/ 1 \ r) 
(-l)""(fl(T)) 

o 

Over the unit disk consider the operator 




dp - *dg R{Ty^ * d 
-e^P * d dp 



acting on pairs (a, /) where a(u;, p, 6) is 1-form and /{w, p, 9) is a function. 
Consider also the operator 

\ eP-'^ida T^idp + ide) ) ' 

acting on a spinor (a, /?). Here a{p, 9) is the image under the map a : D ^ 
Xo{T'^,Y) of Theorem |3.10| , restricted to a subdomain of D homeomorphic 
to the disk. That is, for each {p,9), a{p,9) is a flat connection on T^. 

Lemma 4.2 Without loss of generality, we can assume that the image of 
the map a : D ^ xoi'^'^jY) avoids the lattice of bad points "9 in xo{T'^,Y) 



Proof. We have unique bad point in the character variety of , Q , which 
corresponds to a lattice of bad points in the universal cover xo{T'^ ^Y). 

First notice that, according to the proof of Lemma the condition 
that the endpoint a'^ is the bad point i) is non-generic: by direct inspection 
of the characteristic polynomial of the system (29) this case corresponds to 
the vanishing of the coefficients C^ik that give the faster decay e^"^"*-'"'*^''. 
Thus, under generic choice of the perturbation, as will be discussed in the 
next section, we can assume that a'^ 7^ ??. 

This implies that, under the maps ay and a,y of Theorem |3.1C , the 
image of the side 9 £ {— 7r/2,7r/2} of the boundary of the half disk is 
a smooth path in dooAiy or in 9ooA^i/(x)) connecting the points a^ which 
avoids the lattice of bad points. We can always replace the domain 
with some smaller domain containing the same component 9 G {— 7r/2, 7r/2} 
and p £ (—00, 0] of the boundary, in such a way that the image of the rest 
of the domain also avoids the lattice of bad points. That still determines 
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uniquely the holomorphic function. Thus, we can assume for simphcity that 
the image of the subdomain of D under the map a : D ^ xoiT'^i^) also 
contains no bad point in xo(^^) 
o 

We want to consider Di(BD2 acting on elements (a, /, a, (3) that represent 
deformations of (a, 0, 0, 0) in the L\ completion of compactly supported 1- 
forms and spinors on D. 

Lemma 4.3 The operator Di(BD2 acting on the L\ completion of compactly 
supported 1- forms and spinors on D, has trivial Cokernel. 



Proof. We know [Q] that the operator 





is surjective if the flat connection a{p, 6) avoids the lattice of bad points •& 
in xo(^^)^)- Then, by the same argument of Lemma 4.1, we obtain that 



for sufficiently large T > Tq, the operator D2 is surjective. 

Suppose given a pair (/?, h) of a 1-form and a function, such that (/?, h) is 
orthogonal to the range of Di. Then, the pair (/?, h) satisfies the equations 

dph = R{T)-'^d*P 

dpf3 = *dgP + *d{e-^Ph). 
The Fourier coefficients satisfy the ODE 

Klk = {RiT)y^i-ilVnik + inunik) 

"^'nlk = invnik - e~'^Pikhnik (48) 



'^'nik = -inUnik + e ^^ilhnik- 



We can show that solutions of ( |48| ) diverge sufficiently fast at p — > —00, 
so that they fail to be in L^. Since we are interested in the p —00 behavior, 
we can isolate in the system (Hsl) a leading term given by the system 



Klk = -R(^) "^(.-ilvnik + inUnik) 

<ik = -e-^'ikhnik (49) 
v'nik = e-^Pilhnik, 



49 



and treat the remaining terms as a perturbation. 
Solutions of the system (|9|) are solutions of 



Ki, = e-'^\R{T))-\k' + f)Ki,. 

These are combinations of Bessel functions of type /(O, z) and K{0, z), with 
the variable z = Cnik\/ {R{T))~'-^ e~'^P , for some constants Cnik > 0. None of 
these functions is in L'^{D). 
o 

Consider the operator ^^"(t) of the form 

-If) / *d —d 

-d* I , (50) 



R{T) dt 



+ 



V 



where 9a" (t) is the 3-dimensional Dirac operator, twisted with the flat con- 
nection 

a"{w,s,t) = a" {t){w, s). 

Lemma 4.4 If the path a"{t) of connections in xo{T'^jY) avoids the lattice 
of bad points, then the operator T^rrf^^.^, acting on the L\ completion of the 
space of compactly supported 1-forms and spinors on the domain 

Si{T) = {v{K) X [-1, l])Ur2x{s=o}x[-i,i] , , 
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T^^{{s,t) I [o,T(t,r)], te [-1,1]} 

is surjective for sufficiently large T >Tq. 
Proof. The operator 

+ da" it) 



R{T) dt 



is surjective, for sufficiently large T > Tq, by the argument of Lemma iA 
Suppose given an element (/?, h) orthogonal to the range of 

Id f *d -d\ 

+ 



R{T) dt \ -d* J ' 
In the large T >> limit, the element (/?, h) satisfies 

d*l3 = and *dp-dh = 0. 
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This implies that h is harmonic, in the Lf completion of the space of com- 
pactly supported function, hence it is vanishing by the maximum principle. 
On the other hand [3 satisfies {d + d*)(3 = 0, which also implies /3 = in the 
L\ completion of the space of compactly supported forms on (|5l|). 
o 

4.3 The solutions 

In this section we prove that every approximate solution can be deformed to 
an actual solution of the Seiberg-Witten equations. We first prove that the 
linearization TDt at the approximate solution is surjective. Here the operator 

is the linearization of the 4-dimensional Seiberg-Witten equations (|2|) on 
y(r(T)) X R, and {A, ^) is the approximate solution (^3[). Then, the gluing 
theorem follows as a fixed point argument, , as we are going to discuss, 
cf. similar arguments in [^], |^, ||^], Our case here is similar 

to the construction of [|[, since we want to prove a gluing theorem where 
the underlying geometry also changes along with the gluing parameter T. 
In particular, we will obtain the actual solution close to the approximate 
solution by a fixed point arguments with constants depending on T. 

In particular, we have seen from the convergence result of Theorem |3.1C1| , 
that the non-uniform geometric limits are obtained from solutions on Y{r) x 
R after suitable rescaling of the coordinates. Thus, in order to prove the 
gluing theorem, we will introduce a norm on the domain Y{r{T)) x R which 
takes into account the necessary rescaling. That will allow us to compare 
the operator Vt with the operators Vf defined in the previous subsection 
on the corresponding regions Si{T), 

5i(r) = (y x [-i,i])Ur2x{s=o}x[-i,i] 
T^x{{s,t) I se [o,T(t,T)], te[-i,i]} 

S2{T) = D, the unit disk. Si{T) = TZi{T) for z = 3, 5, and 
Si{T) = {u{K) X [-l,l])Ur2x{s=o}x[-i,i] 

r2 X I s€ [o,t(t,r)], t G [-1,1]}. 

We introduce a T-dependent Banach norm, which takes into account the 
effect of rescaling. We need to define rescaled and norms on the spaces 



51 



e r(Ty+) and h?+ e T{W-) on U^7^^(T). We introduce the notation 

First notice the following rescaling of the volume elements and norms. 
Let us denote by 

V : Si{T) ^ 7^^(^) 

the diffeomorphism given by the rescaling. In particular, we analyze the two 
distinct cases 

(^:5l(^)^7^l(^) 

ip{x, y,z,i) = {x = x,y = y,z = z,t = R{T)i), 

and 

<p : 52 (T) ^ 7^2(^) 
(p{u, v,s,i) = {u = u,v = v,s = R{T)s, t = R{T)i). 

We have 

/ a; = / V*{uj), 

JUiiT) JSi{T) 

for any 4-form uj. Moreover, the Hodge *-operator satisfies 



*5i(T)< 



e-' Ae'^ A e 



*5i(T)e = Ae' Ae^ 

where the orthonormal basis of 1-form in the rescaled metric on <Si(T) is 
given by e* = dx^ and e* = R{T)dt. Similarly, the Hodge *-operator satisfies 
the same relations for the orthonormal basis of 1-forms du, dv, R{T)ds, 
R{T)di on 52 (T). 

Consider first the space (BT{W~^). We write a 1-form as av + fdt and 
a spinor ip on TZi{T). We denote by dy, /, ip, etc. for the composite f o ip 
with the change of coordinates. We obtain 



/ ay A *4ay = / (p* (av A *4av) = / (p* (av) A *4(p* (av) , 

J7^l(T) JSiiT) JSi{T) 

f fdtA*4{fdt)= f <p*{fdtA*4{fdt)) = 

[ {R{T)fdi) A *i{R{T)fdt) = [ ip*{f dt) A S4^*(/ dt). 

JS-i (T) JS^ (T) 
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/ Mfdt = R{T) j Ufdt. 



ITli{T) JSi{T) 

Thus, over this region, the elements = (a«, R(T)f dt, e{Ty/^ilj) satisfy 

Ut\\l-^{TZi{T)) = \\V>*{0\\l^{Si{T)), 

for ^ = {a^,fdt,ip). 

Now consider the case of © T{W^), again over the region TZi(T). 
We have 2-forms = LOy + rjv Adt and a spinors ^ satisfying 



Jni{T) JSi{T) JSi{T) 

I {rjv /\ dt) A *4{rjv /\ dt) = / if* {{rjv A dt) A *4{r]v A dt)) = 

Jni{T) 75i(T) 
/5i(T) 



/ ip*(r]v Adt) A*4ip*(r]v Adt), 

JSi{T) 

f Ufdt = R{T) I Ufdt. 



'TZiiT) JSi{T) 

Thus, in this case again, the elements = {^^v, wAdt, e(r)^/^^) satisfy 

ll?T||L2(7^l(T)) = lb*(0llL2(5i(T)), 

for ^ = {ojv, r)v A dt, ip). 

Now consider the regions TZ2{T) and S2{T). In the case of (BTiW^), 
we have 1-forms 0^2 + f ds + hdt and spinors if) = {a, /?), satisfying 



/ arp2 A *4a7^2 = / (p*{arp2 A *4a2-2) = / ip*{arp-2) A i4ip*{aj'2), 
Jt12(T) Js2{t) JS2{T) 

f fdsAn{fds)= f ip*{fdsAn{fds)) = 



/7^2(T) JS2{T) 

ip*{fds) Ai4ip*{fds), 



IS2{T) 

/ hdtA*4{hdt)= ip*{hdt A*4{hdt)) 

Jn2{T) JS2{T) 

/ (p*{hdt) A*4ip*{hdt), 

JS2{T) 
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/ \\ipfdsdt = R{Tf [ \\i>fdsdi. 

Jn2{T) JS2{T) 

Thus, the elements = {aj-i, f ds,hdt,e{T)ilj) satisfy 

ll?T||L2(7^2(T)) = I|¥'*(0IIl2(52(T)) 

for ^ = (aj'2 , f ds,hdt, ip) 

Similarly, for A^+©r(M^^) we have 2-forms u}'p2+r]Ads+^Adt+hdsAdt, 
and spinors ^/^ satisfying 



/ a;7-2 A *4a;j^2 = / ip* {uj'j'2 A *4UJx2) = / (p* {uj'j'2) A *4ip* {iO'j'2) , 
Jn2iT) JS2{T) JS2{T) 

/ 7] A ds A *4{ri A ds) = / ip* {r] A ds) A *4ip* {r] A ds) , 

J 72-2 (T) JS2{T) 

/ 7 Adt A*4(7 Adi) = / <^*(7 A df) A *4</f*(7 A dt), 
i7^2(T) (T) 

/ hds Adt A*4{hds Adt) = / ip*{hds Adt) A*4p)*{hds Adt), 



lTZ2{T) JS2{T) JS2{T) 

/ 7] Ads A *4{ri Ads) = / 
'7^2 (T) ■/52(T) 

/ 7 Adt A*4(7 Adi) = / 
/7^2(T) i52(T) 

hds Adt A *4{h ds Adt) = / 

[ \\ipfdsdt = R{Tf [ \\ipfdsdi. 

Jn2{T) JS2{T) 

Thus, the elements = {'^t'^i'T] A ds, 7 A dt, h, e{T)'tp) satisfies 

Ut\\l^{'R,2{T)) = \\^*iO\\L2{S2{T)) 

for ^ = (lot^ ,r] a dsj'f a dt,h,ij:). 

Now consider the following T-rescaled L^-norm for an element ^ in © 
r{W+) over U^7^^(^): 

||(??T,3 +??T,5)(aV^,/di,V')lli2(7^3(r)U7^5(T))+ (52) 

||??T,2 (aT2 , f ds,hdt,e{T){a, P))\\l2 ^t^^^t)) ■ 

Similarly, we define the T-rescaled L^-norm for an element ^ in A^'^©r(VF~) 
over U^7^^(^): 

lieilo,T:= ||(r/T,i+r?T,4)(a;y,wAdi,e(r)V2^)||2^^^ 

i(r)u7J4(r)) + 

||(r/r,3 + ??T,5)(t^y,W Adi,'0)|li2(7^3(r)u7e5(T))+ (53) 
||?7r,2(t^r2, A ds, 7 A di, h, e{T){a, (^))\\\2 ^-^^^t))- 
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With this choice of norms we have 

U\\o,T'R.,{T) = \\^*{0\\l2{S,(T))- 

Moreover, we define a T-rescaled norm on r(M^+) on UiTZi{T) 
by setting 



Eti \\iVT,i + ??T,4)Vi(ay, / dt, e(r)i/2^)|| 
||(r/T,i + r?T,4)i?(T)|(ay, / dt, e(T)i/2^) |[2^^^^^ 



li2(7^i(T)u7^4(T)) 

^(7^l(T)u7^4(T))+ 

1 1 (??T,3 +VT,5){avJdt,i))\\l2 (2.)u7e5 (T)) + 

ELi life + ??T,5)(ay,/di,V')lli2(7e3(r)u7^5{T))+ (54) 

1 1 r/T, 2 (wt2 A , 7 A , /i , e (T) ( a , /3) ) I (7^2 (J.) ) + 

E?=i l|f/T,2Vi(a;r2, r/ A ds, 7 A dt, h, e(T){a, /3))lli2 (7^2(2^)) + 

||?/T,2ii(T)|(a;T2 , r/ A ds, 7 A dt, /i, e(T)(Q, lli^ (^^^^^j) 

On e r(H^+) on the Si(T) we consider the Lf norm defined as 

ll^lll,T5i{T)U53{T) •= ll^lli2(5i(T)U53(T)) + 

J2i=l \\'^ML2(Si(T)US-i(T)) + ll^^lli2(5i(T)U53(T))' 

ll^lll,T53(T)U55(T) ■= ll^lli2(5i(T)U53(T)) + 



Ei=l ll^i?lli2(5i(T)U53(T)) + ll|t'^llL2(5^(T)u53(T))' 



ll'^lli.rszm Il'^lli2(52m) + 



r52(r) ii''iiL2(52(T)) 

l^'i'^lli2(S2(T)) + ll^'''^lli2(S2(T)) + 

I 11x2(52 (T)) + ll^sClli2(52(r))- 



With this choice of norms, we have 

IICIIl,T7e,(T) = IIV'*(0IIl25^(t)- 

We can now prove the main Lemma for the gluing theorem: this can be 
regarded as an analogue, in our context, of Lemma 4.4 and 4.5 of We 
denote in the following by Vf the operators 2??" introduced before, rescaled 
under Si{T) TZiiT). 
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Lemma 4.5 Suppose given a sequence of connections and spinors, which 
we can write as 

over the domains Uj^2^i(^fc)) f^nd 

= (ofc, fk, hk,ak,Pk) 

over TZ^iTk), for a sequence Tk oo. Let ^k,i = ilTk,iS,k- We assume that 
the elements ^k,i ore in the orthogonal complement of the Kernels of the 
operators vj'' , 

Ck,i G KerivJ'^)^, 

with respect to the L\ j,^ -norms. Moreover, we assume that the operators 

vj'' have trivial cokernels in the space L'^ rp^{TZi{Tk)) ■ Then, under this 
hypothesis, the convergence 

II^Tfe4||o,Tfc 0, 

where Vt,. is the linearization at the approximate solutions, implies 

ll6l|l,T, ^0. 



Proof. We first observe that, in the operator norm over each TZi{Tk), we 
have 

as Tfc — > oo. We also assume that the cutoff functions satisfy 

supn,(n)WriT^,i{s^'t)\ < (li^k)- 

We assume that q{Th) 0, where a bound on the rate of decay to zero of 
q{T) as T — > oo will be specified in the proof of Lemma below. 

The argument then is similar to [17| §2.5. Suppose given a sequence ^fc, 
and parameters — > oo, satisfying 

\\^nik\\o,n 0- 

Moreover, assume that, for all k, we have 

||Cfe||l,Tfe = 1- 
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We have an estimate 

< Cq{Tu) + \\Vt,-vJ'^\\ m\i,n + W^tMWt,. 

The terms in the right hand side decay to zero, thus we obtain that the 
elements ^k,i are in the span of the low modes of V- ^ . Let us denote by Vk,i 
the space of eigenvectors of {T'^'^Y'D-'' acting on completion of the space 
of compactly supported 1-forms and spinors over 7^^(Tfc) in the LIj, norm, 
with eigenvalues Atj. — > as — > oo. This is the space of low modes of 
V- We have obtained ^k,i £ Vk,i, from the previous estimate. We use the 
notation V*j for the span of low modes of the Lf ^ adjoint. 
Now we have 

dimVfc^i > dim Ker(T>J''). 
Moreover, for — oo, we have 

dim Vfe^i — dim = dimi^er(Pj'*) — dimCo/cer(Pj'*). 

Under the assumption that Coker{T)^ ^) = 0, we obtain the reverse estimate 

dimVfc^j < dim.KerivJ'^). 

Thus, we can identify Vk,i — Ker{T)J''). Thus, under these hypotheses 
we would have ^^^j € Ker{'Dj''). This contradicts the initial assumption 

o 

~ p 

The assumption Coker(T>^ *) = has been discussed in the previous sub- 
section, and it follows from the results of the last Section, about perturbed 
operators. 

We can derive from Lemma 4.5 the following Corollary. 

Corollary 4.6 There are constants Tq and ci > 0, independent of T, such 
that we have an estimate 

U\\i,T < cillPT^IIcr, 

for all ^ satisfying 



riT4 G Ker{n, 
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Moreover, we have a similar estimate 



m\0,T < C\\VU\\l,T, 

for a constant C > independent of T > Tq, under the assumption that the 
operators 'Df have trivial Cokernels. Here Vfp is the adjoint with respect to 
the T-dependent norm. 



Proof. By the choice of the T-dependent norms, ci is independent of T. 



The rest of the statement fohows from Lemma 4.5. The second estimate 
follows by a similar argument. 

o 

Now we can state the second main result of this part of the work, namely 
the gluing theorem. 

Theorem 4.7 Given any approximate solution Eq = {A,"^), constructed 
as in d^j, for all sufficiently large T > Tq, there exists a solution H of 
the equations ^ on Y{r{T)) x R, satisfying \\E — Ho||i,t < ce(T)-^/^, for a 
constant c > independent of T >Tq. 

Proof. We divide the proof in several steps. On the domain Y{r{T)) x R, 
consider the map 



Lemma 4.8 Let Eq he the approximate solution as in (^)- The estimate 

lkT(Ho)||o,T < coe(r)i/2 
is satisfied, with cq > independent of T >Tq. 



Proof. Consider first the region 7^-2 (T) U TZ^{T) U 1Z^{T). Over this region 
we have aT(EQ){w, s,t) = except on the overlap between the supports of 
the functions riT,i used in (^3|). On TZi{T) D supp{r]Tj) in this region, we can 
estimate 

lkT(So)||o,^(7^,(T)^s•upp(r^T,i)) ^ I'^'HtjI ^)llo,T{7e,(T))- 
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Recall that we have assumed sup7^^(7-) |V?7T,j| = q{T)- It is sufficient to 
choose the cutoff functions as in Lemma with the hypothesis that q{T) ~ 
e(r)^/^ , and we get the desired estimate. Then consider the case of the region 
7^1 (T). Here the condition ctt(Ho)(w, s, i) = is not satisfied, but we can 
estimate the error term by 

lkT(Ho)||^,^(^,(^)) < + 6(r)|||v'(t)||i.(^))di 

- '^^^ /-I \\^t(Mi),m)\\Uv)di<c\{T). 

The remaining case of the region TZ4,{T) is analogous, with a similar resulting 
estimate with the constant 

c>^jj\dia''{i)\\h(T^)dij , 

where a"{t) is the path in Myi^K) obtained in the geometric limits. 

o 

Now define elements as follows 

Hi = Ho + Co ■Co = T^tVq VtV^tjo = -(tt(So). 

The elements are well defined because of the following. 

Lemma 4.9 The equation Vt'D^tiq = — (Tr(Ho) admits a unique solution 
r]Q with ||?/|lo,r < C. Moreover, we have 

Uo\\i,T < ci||fTT(Ho)||o,T < cocie(r)^/^. 
with ci > independent of T > Tq. 



Proof. The operator Vt'D^ is invertible, under the assumptions of Lemma 
4.5. The estimate then follows from the previous Lemma Corollary 
and Lemma 4.8 . 

o 

The linearization of the map (Tt at Hq = {A, ^) is given by 
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By construction we have 

daTM0 = 1^T{0- 
Consider the non-hnear part of the map cry, that is the expression 

A/'<7t(6 = or (So + - or (So) - daT,Eo{0- 

We have 

o-t(Si) = (Tr(So + Co) - crT(So) - dc7T,So(Co) = A/'crT(Co)- 

Lemma 4.10 We have an estimate 

lkT(Si)||o,T < C2||Co||o,r < coCiC2e(r)i/^||4o||o,r, 



Proof. The non-linear part is given by 

for (Q, $) in © r(VF+). Thus, in the L^-norms we have 

\w<yTm\L^<c2\Mh. 

This is sufficient to obtain the desired estimate on the regions 7^3 (T)U 7^.5 (T). 
If we write Q, = to + fdt, we can write the above estimate more precisely as 

||a;.$||i2 + ||M.$||i2 < c(||a;||i2||$||^2 + ||/||l2 II^IIl^), 

and similarly, for the term t($, $), we have ||t($, $)||l2 < c||$|||2- We have 

||t($,$)||o,T = y*{T{^,^mL^Si{T)), 

and 

||J^.$||o,r = \\ip*in.^)\\L2(^Si{T)), 

by our choice of weights on © r{W~). Moreover, we have 
(^*(r($, $)) = f($, !>) and ip*{n.^) = ip*{n):^. 
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Thus, we obtain 

||r($,$)||0,T < C2\Ml2(^sdT)) 
< C2||$||o,T(7Ji(T))' 

where the last inequahty comes form the rescahng of the norm on © 
r(Ty'''). Similarly, we have 

||^^-^'||o,T < C2\\(P*{^)\\l'2{S,{T)) ■ ll^llL2(5i(T)) 
< C2||^l||o,T(7^i(T)) • ll^|lo,T(7e,(T))- 

Thus, we have obtained an estimate 

lkT(Sl)llo,T < C2||Co|lo,T- 

We also have an estimate 

||eolli,T<coCie(r)i/2, 
from the previous Lemmas, which gives 

lkT(Si)||o,T < coCiC2e(r)^/2||,fo||o,T- 

This proves the claim, 
o 

We then proceed inductively, as in |||]. We set 

Lemma 4.11 The following estimates hold: 

||^.||i,T<C(z.)e(r)V2 

||(Tt(H^+i)||o,t < C{iy)\\Cuh,T- 
Moreover, we can always assume that an estimate 

lkT(Sl)||o,T < CoCiC2||Co||o,T, 

with c = cqc\c2 < 1, is satisfied. This implies that the iteration process 
converges to a solution E of the SW equations on Y{r{T)) x R, satisfying 
||H-Ho||i,r<Ce(r)i/2. 
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Proof. First of all notice that we can always include a factor e(ro)^/'^ in 



the constant cqCiC2 in the estimate of Lemma 4.10| , for sufficiently large 
To, so that the condition cqc\c2 < 1 is satisfied. Then define recursively 
C(0) = cqCi and (7(0) = cqCiC2 and C{y + 1) = cocfc2C(z^) and C{v + 1) = 
cqCiC2C{v). The result then follows inductively using the estimates 

\\^y\\l,T < Ci\\aTi'^u)\\o,T, 



as in Lemma 4.5 and 



< C2iie 



as in Lemma 4.10. The estimate for the solution H is obtained from 



j=0 



This completes the proof of the gluing Theorem 4.7. 



5 Perturbation 



The gluing theorem stated in the previous section relies on the assumption 
that the linearization LAit),-ip{t) is surjective, for all the elements [A{t),^lJ{t)] 
in Aivi as in Lemma iA. We know that, in general, these conditions are 
satisfied only after introducing a suitable perturbation. 

In Q we defined a class of perturbations V of the Chern-Simons-Dirac 
functional, such that, for a generic element P = (U, V) € V, the operators 
La,iP and 'D_A^q, are both surjective. These operators, in the perturbed case, 
are the linearizations of the corresponding perturbed critical point equation 

N 

*Fa 



dU 



=1 ^'J 



K 



7 = 1 



0. 



and of the perturbed fiow line equation 
dA 
'dt 

dt 



dU 
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respectively. 

For simplicity, we use the notation 



j=i J 
^ dV 



Thus, we have 



*Fa = a{il), ^)+Pu 

(55) 

dA{i^)+Pv-^ 



and 



^ = -*FA + a{^A)+Pu , , 

On the manifold y(r) with a long cylinder, and on the non-compact 
manifold V with an infinite cylinder, we refine the definition of the class of 
perturbations, as in [Q], by including the requirement that the perturbation 
is exponentially small in the region x [— r, r] U jy{K), and on the end 

X [0,oo). We denote the corresponding class with Vs, where 6 is the 
rate of decay, depending on the smallest absolute value of the non-trivial 
eigenvalues of the asymptotic operator on T^, cf. Q. 

We need to check that the main results in the previous sections can be 
extended to the case where the perturbation P G "P^ is introduced. 

5.1 Estimates in the perturbed case 

In order to extend the results of Section 2 to the case of the equations (|5£ 
we need the analogue of the uniform estimate on the energy, and then of 



Lemma 2.3 and Lemma 2.5. The results of Section 2 then extend to this 



case without significant changes. 

Lemma 5.1 Let {Ar,^r) be a finite energy solution of ^dj ) on Y{r) x R. 
Then, for r > ro, and for any interval [toj^i] of length i = ti — to, the 



estimates of Lemma 2. S and Lemma \2.q hold, with 



So = max{-s(x) + C(P), 0}, 

Y{ro) 
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where C{P) is a positive constant depending only on the perturbation P G 
Vs. 



Proof. Recall that the class of perturbations Vs is defined Q by considering 
complete bases {vi{r)}°^^ and {^J■j{r)}JLl, satisfying 

sup jfi(r)| < sup |i^i(ro)| 

T2x[-r,r] r2x[-ro,ro] 

sup \^lj{r)\ < sup |/ij(ro)|, 

T^x[-r,r] T2x[-ro,ro] 

and rescaling them with a function 

for — r + e<s<r — e, on the cylinder x [— r, r], with the weight 6 
satisfying 

6 > -min{Xa^\aoc G x{T'^)\Ui)}. 

The elements {fr'^i{f)}'^i and {/rAtj('")}j^i still give complete bases, which 
we use to define the perturbation in the class Vs on Y{r). 

Thus, the pointwise estimate obtained from the Weitzenbock formula 
gives 

> f IV'P - {*FA.^P,^P) + {^fMr).^,§^fMr).ij) 
-{^d{fMr))4, ^) > ilV'P + IIV'I' - C{Prm\ 

The constant satisfies C{Pr) < C(Po)- 

We can prove a uniform bound on the energy. In fact, the energy is now 
defined as the variation of the perturbed Chern-Simons-Dirac functional 

CSDp{A, ^) = CSD{A, + Uin{A, V'), • • • , tn{A, ^)) 

+V{Ci{A,^),---,Ck{A,^)), 

as in [§]. 

If {Ar, ^r) is a family of finite energy solutions on Y{r) x R, with asymp- 
totic values {Ar{±oo),ipriioo)) as t ^ ±oo satisfying the perturbed equa- 
tions (p5[), the energy 

£r = CSDp{Ar{-00),^r{-00)) - C S Dp{Ari+Oo) , 1pr{+Oo)) 
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is given by 

7T / i^AAF4, + / (^r(-oo),/,^— ^i/j-(r).V'r(-oo)) 
2 Jy(r) Jy(r) eg 

JY{r) ^ OCj 

+ U{Tl{Ar{-00),^pr{-00)), ■ ■ ■ , Tn {Ar {- Oo) , ^pr {- Oo))) 
-U{Ti{Ar {+00), ^pr{+00)), ■ ■ • , Tat (A^ (+00) , V'r (+00) )) 
+V{Cl{Ar{-00),lpr{-00)), ■ ■ • , Cif ( A (-00) , "i/'r (-00) )) 
-y(Cl(A(+Oo),V'r(+Oo)),---,Ci^(A.(+Oo),V'r(+Oo))). 

We know the first term is uniformly bounded, from the analysis of the un- 
perturbed case. Using the notation 

BV 

the second and third term can be estimated by writing 

\!Y{r)'<^r,Pv{r)4r)dv\< JY[ro)\{'^^Pv{r)4)\dv 

(58) 

+ /t2 X ([-r,-ro]U[ro,r]) I (V'r , Pv {r) 4r)\dv. 

The first term in the right hand side is bounded by 

lk(V'r,'0r)||L2(y(ro)) " \\Pv {r)\\ L^Y [ro)) < ^ C {Pof\\Pv{rQ)\\L2 {y (n,))^ 

where the terms on the right are obtained using the uniform pointwise esti- 



mate (57). The second term in the right hand side of (|58| ) can be estimated 
similarly by 

C{r - rof C(Po)'e-^(^-^o) sup \u,{ro)\, 

where the factor (r — vq)^ comes from factoring out the volume of the cylin- 
der in the estimate of both a{ijjr,'(pr) and Pvir)- Again we have used the 
pointwise estimate (^7|). 

The remaining terms in the variation of CSDp can be bounded as fol- 
lows. We have 

\U{Tj{Ar{-(X)),i^r{-Oc))) - [7(Tj (^ (+00) , (+CX)))) | 
< \Tj { Ar{- 00), tpr{- 00)) - Tj{Ar{+00),ipr{+00))\- 
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\\-Q:^f^jir)\\L^Yr)- 

The last term is bounded uniformly, by our assumptions on the perturbation. 
We have 

rj(^r(-00),'i/'r(-00)) " Tj ( A (+Oo) , V'r (+Oo) ) 
fr{Ar{ — Oo) — Ar{+Oo)) A *flj{r). 

Y{r) 

As in Lemma 4.6 of [Q], up to changing the connections within the same 
gauge class, we have an estimate 

IIA(-OO) - A^( + 00)||i2(y(^)) < C(Po) Cr, 

where the right hand side grows linearly in r like the volume Vol{Y{r)). 
This estimate follows from the uniform pointwise bound on the spinor, and 
the corresponding bound on the curvature. Thus, for all e > we can choose 
r > ro large enough so that we have a bound 

fr{Ar{-Oo) - Ar{+(X))) A *^j(r)| 

y(r) 

<CC{PQ)Vol{Y{ro))+e. 

The estimate of the remaining term in the variation of CSDp is analogous. 
Combining these estimates, we get a uniform bound on the energy for large 
enough r > tq, hence the estimates on the finite energy solutions {Ar^'^r) 
follow as in the Lemmata 2.3 and 
o 



5.2 Asymptotics 

In order to adapt the results of Section 3 we need to study the asymptotics 
of finite energy solutions of the equations ( |56| ) on the manifold V x R, with 
the non-compact end x [0, oo) x R. 

As in Section 3.2, we consider the ODE associated to the perturbed 
system (|56|) on 1/ x R. We write (^) as 

dta — dh + *{dsa — df) = *i{a(3 + a/?) + ^ - — * qj 

j=i (^^j 



66 



■i ^ an 

dtf - dsh + *Fa = -(|a|2 - + ^ —p^ 

j=i i 

^ dV 

dta + ha + idga + if a + (9*/3 — i ^ + + i^^jCi) = 

^ av 

where we use the notation introduced in |Q] , 

*3Pu = 2^-g:^{Pj +qj ^ds) 

j=l 3 

and 

Pv=Yl gri^ldx + vfdy + ufds), 

i=l 

with *|Uj = pj + Qj A ds, and Vi = vjdx + ffdy + f?(is. In radial gauge we 
obtain 

dpf = e^P*{Fa + ^{\a\''-W)uo + Po) 
dptt = *{aga — df + i{a[3 + a^) + Pi) 
dpa = i{dea + fa + eP+'%d*P + Pua + PuP)) 
dp(3 = -i{def3 + f(3 + eP-'%daa + Psia + ^22/3), 

where we use the notation 

au 



(59) 



^ ' ~ [ P21 P22 ) ~ ^^=' [ ^] + iy] -ii^^ 



(60) 



as m |§j 

The perturbation terms Po{s), Pi{s) and P{s) depend on {a,f,a,f3) 
through the variables 



Tj = J{A-Ao)A 
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and 

= J {yj-'^,ip)dv 

(cf. [Q]). By the condition that the perturbation is chosen in the class Vs 
we obtain the estimates 

ll^0(p)||L2(T2xm) < C(C/,F)||(a,/,/l)||i2(r2xW) 

■ exp(— (5e'' cos 6)dp 

ll^i(p)llL2(T2x{e}) < C{U,V)\\{a, f\h)\\L2(T2^{e}) 

■ exp(— (5e^ cos 9)dp 



\P{p) ■ (a, /?) 11^2(^2, {g}) < C{U,V)\\{a,mL^{T^-.{e}) 

■ exp(— (5e'' cos 



(61) 



after the change of coordinates s + it = e''^*^ . 

In order to study the asymptotics of the system ( |59| ) we proceed as in 
Section 3. We consider the Unear system given by the uncoupled systems 
( |To| ) and (p^) for the linear ASD and Dirac equations. We add the pertur- 
bation terms coming from the terms (|60|) in polar coordinates {p,9). We 
first study the asymptotic of this perturbed system and show that the finite 
energy solutions are still exponentially decaying in the radial direction, as 
the solutions of the original systems (|lO|) and (p6|). We then proceed as 
in the remaining of Section 3, to prove that the full system (59) has finite 



energy solutions that are exponentially decaying in the radial direction. 

The system given by ( [l0| ) and (p^) together with the perturbation terms 
( |60|) is also uncoupled in the curvature and Dirac part. We discuss the 
behavior of the Dirac part: the curvature part is completely analogous. 
Following Q, §X, Section 8, we consider all the systems of ODE's of the 



form (26), for all (n, l,k), with the additional terms coming from the Fourier 
transform of the term P{p) ■ {a, (5). These may no longer be uncoupled as 
the original (|26|). We can write this perturbed system in the form 

X' = M-X + P-{X,Y) 

Y' = M+Y + P+{XX), ^ ' 



where the variables X correspond to the eigenvectors of the systems (|2£ 
with eigenvalues A = ±Af"^, as in ([27|) with Re{\) < 0, and Y corresponds 
to the eigenvectors with i?e(A) > 0. 



68 



Let Ao be the smallest absolute value of the eigenvalues with Re{X) < 0. 
Consider a fixed fi with — Aq < /z < 0. According to Theorem 8.1 and 8.3 of 
IQ, §X, the finite energy solutions of ( p^ ) will be of the form 

(cf. (8.15) of i, §X). 

Thus, the asymptotic decay of solutions is governed by the decay of 
solutions dl^) of (^). The asymptotics of the original system (|5^ ) are then 
obtained by successive approximation as in Section 3. 

With these results in place, the remaining of Section 3 and Section 4 
extend with minor changes. The hypotheses of Lemma [4.1| are now satis- 
fied for a generic choice of the perturbation P ^ Vs. Similarly, we have 
guaranteed that the linearization "Dj^/^q,/ is surjective. 
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